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CENTERS OF GENERIC HECKE ALGEBRAS

LENNY K. JONES

ABSTRACT. Let W be a Weyl group and let W’ be a parabolic subgroup of
W . Define A as follows:
4= R®qu (W)
where &/ (W) is the generic algebra of type 4, over Q[u], u an indeter-
minate, associated with the group W, and R is a Q[u]-algebra, possibly of
infinite rank, in which u is invertible. Similarly, we define A’ associated with
W'. Let M be an 4-A bimodule, and let b € M . Define the relative norm
[14]
Ny (b) = Z u='Wa,_ ba
teT

where T is the set of distinguished right coset representives for W' in W .
We show that if b € Zy(A') = {m € M|ma' = a'm Va' € A'}, then
Nwwi(b) € Zy(A) . In addition, other properties of the relative norm are given
and used to develop a theory of induced modules for generic Hecke algebras
including a Markey decomposition. This section of the paper is previously
unpublished work of P. Hoefsmit and L. L. Scott.

Let « = (k{,ky,...,k-) be a partition of n and let S, = H,»ZzlSk, be a
“left-justified™ parabolic subgroup of S, of shape «.

Define

ba = Ns, 5, (M),

where
z
Ao =TT Ns, .5 (@w,)
i=1
with w; a k;-cycle of length k; — 1 in Sy . Then the main result of this paper
1s
Theorem. The set {b, |« n} is a basis for Zs,)(A(Sn)) over Qu,u~1].

Remark. The norms b, in Z,s,)(A(Sn)) are analogs of conjugacy class sums
in the center of QS, and, in fact, specialization of these norms at u = | gives
the standard conjugacy class sum basis of the center of QS up to coefficients
from Q.

1. PRELIMINARIES

This section contains certain key definitions and results, presented without
proofs, of standard fare needed for later sections.
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362 L. K. JONES

1.1. Parabolic subgroups of Weyl groups. Let W = W (A) be a Weyl group and

let R= {wul S W s e ,wan} with a,a,, ... ,a, fundamental.

Definition (1.1.1). Let J < R. Then W, =(J) isa parabolic subgroup of W .

Proposition (1.1.2). Let I,J < R. Let WywW, be a double coset in W . Then
there is a unique element W of minimal length in W,wW , such that, given any
v € WawW,, there exist elements s € W, and t € W, so that v = sWt, with
[(swt)y =1(s)+ (W) +1(¢).

Definition (1.1.3). The element @ in Proposition (1.1.2) is called a distin-
guished double coset representative.
Note. If J = &, then w is called a distinguished right coset representative,
adopting the convention W, = {1}.

Proposition (1.1.4). Let I, J < R and let W be distinguished in W,wW, .
Then (WI)“’ N W, is a parabolic subgroup of W .

Theorem (1.1.5) (Exchange condition). If w, w, ---w, s reduced and

wow ow, o---w
ap oy Qg

is not reduced (o, € I1), then for some i <k,

ww. ow.o=ww.w. - w
TR ) a; [T I TR 5]

a—y "
Remark. Given w_w_---w_ reduced with w_w w _ ---w_ not reduced,
a) ) ay Qy ap  ap 873

the exchange condition implies that

W)W w

ay Q; a; Qi Qy

(w w -w Jw w
ay «

1 Qj—] Oy

-~wak=(w

«a

1 Q-1 Qg 873
1.2. The generic algebra and specialized algebra. Let (W, R) be a finite Cox-
eter system with R = {w,,w,,...,w,}. Let D = Q[u,,u,,...,u,] be the
polynomial ring over Q in indeterminates {u;} corresponding to the distin-
guished generators in R and satisfying the condition that u, = u ; whenever
w; and w; are conjugate in W .

Definition (1.2.1). The generic algebra (or generic Hecke algebra) & = ./ (W)
is the algebra over D, with basis {a, | w € W} over D, identity element a,,
and multiplication defined by the conditions

l(ww) > (W),
lww) < l(w).

&/ has a presentation with generators {a,, | w, € R} and quadratic relations

w;w b
a a = { !
wpw
i wa, ,+ - 1a,,

wER,

2
a, =ua +(u,—1a

w, >
and homogeneous relations

aur,aurjaw, = awjaw,»aw,»”' (l 74.])
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with n; ; factors, where n, ; is the order of the product w,w i in W . Thus we
may define the following homomorphism:
ind: &/ — D
a, —u;.
We then may define the Poincaré polynomial of W, and generic degree corre-

sponding to an irreducible character y of K® g (W) where K is an algebraic
closure of K.

Definition (1.2.2). Let &/ = &/ (W) be a generic algebra, and x an irreducible
character of K ® r % . The generic degree corresponding to x is the element
of K given by
(degx) -dy
" Y ew(ind@,)) " x(a,)x(a, )
where d,,, is the Poincaré polynomial of W and is defined by

dy, =Y ind(a,).

wew

Definition (1.2.3). Let L be any field of characteristic zero and ¢: D — L a
homomorphism. Consider L as an L-D bimodule by setting

I’d =12¢(d), l,heL,deD.

Then Mf ; = L®, % is an associative algebra over L called a specialized
algebra.

A, hasabasis {a,,=1®a, | w e W}, generators {a, , | w, € R}, and
defining relations obtained by applying ¢ to the relations for % in Definition
(1.2.1).

Proposition (1.2.4). Let f: D — Q be defined by f(u;)=gq, Vi. Then o=
#(G,B).
Let f: D — Q bedefined by f(u;)=1 Vi. Then Jz/fQ ~QW.

Theorem (1.2.5) (Tits). Let G = SL(n,q), B =subgroup of G consisting of
upper triangular matrices and W =S, . Then #(G,B) ~CW .

Remark. In [11], Curtis and Scott give a (modular-theoretic) proof of the fact
that #(G,B) ~ QW , with G, B and W as above, along the lines of Feit
[12] which motivated the work of Hoefsmit and Scott [14] presented in the next
section.

2. GENERAL RESULTS

The material in this section is due mostly to Peter Hoefsmit and Leonard
Scott, taken from unpublished work [14] done in 1976. We would like at this
time to point out the results of this section which the reader should focus on
in order to understand the main results of this paper, given in §3. They are
Lemma (2.12), Proposition (2.13), and Theorem (2.30).
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Definition (2.1). Let u be an indeterminate. Define
A =R ¥,
where R is a Q[u]-algebra, possibly of infinite rank, in which u is invertible

and where & = &/ (W) is the generic algebra of a Weyl group W over Q[u].

Similarly, define
! /
A =Ry,
where &/’ = .&'(W') is the generic subalgebra of .%/ associated with a parabolic
subgroup W' of W .

Definition (2.2). Let M be an 4'-4’' bimodule. Define
ZM(A') ={meM|dm=ma foralla’ e A'}.

Note. We will write Z(A) for Z,(A).

Remark. If W, and W, are parabolic subgroups of W, then 4, and 4, will
denote the corresponding subalgebras of 4 unless otherwise stated. Also, given
an arbitrary parabolic subgroup P of W, we will sometimes denote the corre-
sponding subalgebra of 4 as A(P).

Definition (2.3). Let M be an A-4 bimodule and let b € M . Let R be the set
of distinguished right coset representatives for W' in W . Define the relative
norm

Ny yi(b) = Z u-/(’)ar_lbar.

rerR
Note. If W' is the identity subgroup, we will write N,, ().

Lemma (2.4). Let M be an A-A bimodule, and let b € M. Then N, (b) €
Z,,(A).

Proof. Consider the A-A bimodule M & A. For each m € M we can define
¢,, € Homy, (M & A, M&A) by

¢m(m/+a)=ma for any m' € M.
Thus M < HomQ(u)(M ®A,M @ A), and since NW’l(b) € M, we have
Ny (b) € Homg, , (M©A,M&A). Now {a, |w € W} and w'™a we

w ur
W} are dual bases for the symmetric algebra Q(u)A4 with respect to the non-
degenerate associative coefficient at the identity form. Hence Q(u)A is Frobe-
nius and therefore N, (b) € HomQ(u)A(M ®A,M a3 A) [8]. In particular,

aNy (b) =Ny, (b)a forall a€ 4. Hence, N, |(b)e Z, (4). D

Lemma (2.5). Let a, be the identity in A. Then N, (a)) is invertible in
Q(u)A. (Note. By [13], Q(u) is a splitting field for A when &/ (w) is type A, ;
for other situations extend to a splitting field.)

Proof. Write
—I(1)
NW,l(al) = Z u am‘laur = Ecxe)( ’
X

weW
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where the e, are the central primitive idempotents associated with the irre-
ducible characters for 4 over Q(u). We will determine ¢, explicitly. Applying
a particular character y to the norm, we get

(2.6) > "y, a,)=c,x(a,).
weW

Let {X | 1<1i,j<x(a,)} be a set of matrix coordinate functions associated
with and let { f | 1<i,j < x(a,)} be the set of corresponding matrix units.
Then

@7 Y u @, a) =Y Y u X (4,0, (a,)

weEW weW i,j
=Y Zu"[(w)x(fijaw_l)Xij(aw).
weWw i,j

Now write f,, =32 cy €,4, - Consider the function p =3 d,x, where d,
is the generic degree of x. Observe that

d, (where d,, is the Poincaré polynomial for W)

pla,) = if w = the identity,

0  otherwise.

Let t€ W. Then

l(w) . —1
~ o, u d, ifr=w ",
p(fa)=rp (( Z Cwd w) ) { 0 otherwise .

wew
Also,
pfa,-1) =d x(f,a,-1).
Thus
¢, =dy'du™"x (10,0,
and hence
(2.8) L= dy d " (f,a, 08,
wew

Multiplying both sides of (2.8) by fji and applying y gives
- —l(w
(2.9) xSl = 3 dy'du n(f e, 0x(fa,)

weWw

Summing both sides of (2.9) over i and j, we have

(2.10) @) =35 dy'd " x(fa,-0x(fa,).
i,j weWw

since j}ifl.j = fu Combining (2.10) with (2.7) yields

(2.11) aa)=dytd, Y u""x(a, a,).

weWw
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Finally, from (2.11) and (2.6) we deduce that ¢, = a’;/ldxx(al) , which is in-
vertible in Q(«) and the lemma follows. O

We see that our norm has a nice transitivity property with respect to parabolic
subgroups.

Lemma (2.12). Let M be an A-A bimodule and let b e M. Let W' and W"
be parabolic subgroups of W such that W' < W" < W . Then

NW,W’ (b) = NW ,W”(NWN ,W’(b)) .

Proof. Let R be the set of distinguished right coset representatives for W in
W, let T be the set of distinguished right coset representatives for W' in W"
and let S be the set of distinguished right coset representatives for W' in W .

Write
W = U w'r = U (U W/l) r.
rer reR \teT
From this decomposition we see that ¢r € S. That is, since r is distinguished
in W"r and ¢ is distinguished in W't it follows that tr is distinguished in
W'tr. Also, from Proposition (1.1.2), we have [(tr) = [(t)+[(r) since t € W" .
Thus

-1 —1I(
Ny (N (0)) =S u™"a [Zu ”a,_,ba,} a,

rer teT
—[(tr)
3 LI
rerRteT
R _
=Y u Ya_ba;=N, ,.(b). O
SES

Proposition (2.13). Let M be an A-A bimodule and let b € ZM(A'). Then
(1) Ny yi(b) € Z,,(A4);
(2) If Z,,(A) is regarded as a Z(A)-module, then NW'W,(ZM(A')) isa
Z(A)-submodule of Z,,(A).

Proof. (1) Clearly N, . (b) € M. Now

N, (a
NW‘W,(b) =Ny y <ﬁb> by Lemma (2.5)

=Ny <NW’,1 (N”,,'](a,)) b) by Lemma (2.4)

b . /
=Ny (Nw,‘l <Nw—1w1)>) since be Z,,(A4)

b
=N, | (W) by Lemma (2.12).
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But NW,l(b/N a(a)) € ZQ(M)A,M(A) by Lemma (2.4), and since

Zouaonr(A) € Zogupe(A).
we have
Ny wi(b)eMn Zowm(A) = Zy(4),
which proves (1).
(2) For z € Z(A), we have
NW7W,(b)z =Ny . (b2),

which proves (2). O

Lemma (2.14). Let a, be any basis element of A. Then a,, is invertible in A.

Proof. Since w can be expressed as a product of fundamental reflections, we
may assume without loss of generality that w itself is a fundamental reflection.
From the relation ail =ua, + (u—1)a, , we easily derive

w '’

al= u_l(aw —(u-Na)ed O

w

Lemma (2.15). Let W, and W, be two parabolic subgroups of W such that
W,=W" forsome we W . Let N bean A-A, bimodule. Consider the A-A,
bimodule Ne, a, where d is distinguished in WiwW, = Wiw = wW, . Then

N, A~(N®, a,)®, A.

Proof. First note that W, = Wld so that W,dW, = W\d = W, and N®, a,

really is an A-4, bimodule. Now (N®, 4,)®, A~N®, (44,0, A), so
it will be enough to show that 4,a, ® g, A=A Define maps

¢:Alad®‘42A—>A y:d—A4a,®, 4
a'ad®bu——>a'adb, an—»ad®a;la.

Since a;1 € A by Lemma (2.14), v makes sense. Let a € 4, and a € 4.
Then aa, = a,a for some a € 4, . Thus

pla-da;0b)=adab=a-¢(da,®b),
and
qS(a'ad ®b-a)= a'adb& = ¢(a'ad ®b)-a,
which shows that ¢ is an 4,-4 bimodule map. Also
w(a-a)=a, ®a;'&a =a, ®Ea;la
=a,ae® a;'a =aa, ®ad—la =ay(a)
and
wia-a)=a, ®a;la& =w(a)-a
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so that y isan 4,-4 bimodule map. Finally,

(¢ow)(a)=¢la,®a, a)=a
and
(yog)aa,®b) =y(aa,b) =a, ®a;1&adb
= ada;l&ad ®b since a;]&ad €A4,,
=aa,®b,
and the lemma follows. O

Lemma (2.16). Let R be the set of distinguished right coset representatives for

W' in W. Then
A=P4Aa,.
reR

Proof. This follows immediately from the decomposition W = Ure R Wr' and
Proposition (1.1.2). 0O

Lemma (2.17). Let W, and W, be parabolic subgroups of W and let W dW,

be a double coset in W with d distinguished. Then for any w, € W, we
have l(w,d) = l(w,) + I(d). Similarly, for any w, € W,, we have l(dw,) =
I(d) + l(w,).

Proof. We give the proof for W, . Suppose there is v € W, such that /(dv) <
[(d)+[(v). Write v = v,v,---v_ as a reduced product of fundamental reflec-
tions v, . Then there is a smallest subscript, say j, such that /(dv,v,---v j_l) =
id) + (v, ---v,_)), but I(dvv,---v;) = I(d)+1(v,---v, ) - 1. Let 0 =

V\Uy U By Theorem (1.1.5), we have

dv', where [(0') = [(D) — 1
if the exchange takes place in 7,
J d'v, wherel(d')=1(d)-1
if the exchange takes place in d .
The first case cannot happen since [(v;) = [(D)y+ 1. If div, = d'tv with

I(d)y=1(d)—1, then d' = dﬁvj.{;_l € W,dW, , which contradicts the fact that
d is distinguished. This proves the lemma. O

Remark. Let d € W dW, be distinguished. If d'e Wza’_lWI is not distin-
guished, then for some w, € W,, w, € W, we have

I(d) = 1(d™") > l(wyd ™ w,) = I((w,d ™ w)) ™) = I(w] dwy ),

contradicting the fact that & is distinguished.
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Definition (2.18). Let 7 be a right 4-module. Then 7 is induced from a right
A-module T if T~T'®, 4.

Lemma (2.19). Let T be a right A-module. Let R be the set of distinguished
right coset representatives for W' in W . Then T is induced from the right
A'-module T' if and only if T = @,_, Sa, for some right A'-submodule S of
T with S~T'.

Proof. Assume first that 7 ~ T’ @ A and let ¢ be an isomorphism from
T'®, A to T.ByLemma (2.16) we have 7' ®, A =@, (T ®, a,)a, so

reR

rerR
take S tobe ¢(T'®, a,).
Now assume that T =, . Sa,. We have
PSa,~PS®,a)=Se, (@ Aa,>
rer rer reRr

=S5S®, A byLemma (2.16)
and the lemma follows. 0O

Corollary (2.20). Let W, and W, be parabolic subgroups of W and let W dW,
be a double coset in W with d distinguished. Then the A-A, bimodule A a,A,

is isomorphic to A,a, ® ywinmy A, -
(el

Proof. Let T be the set of distinguished right coset representatives for W' =
W]dﬁW2 in W,. Then

Aa,A,=Aa, (@ A/at) by Lemma (2.16)

(€T

=P 4,a,44,.
teT

Let w' € W'. Then w' = d” 'w,d for some w, € W,. By Lemma (2.17),
l(w,d) =l(w,)+1(d). Also, since w’ € W,, I(dw") =I(d) +(w') by Lemma
(2.17). Thus there is a corresponding relation in A. In particular, given an
element in A,a,4",say aa o', with a € A;, o’ € A', we may write it as ada,
for some & € A, . Therefore AladA' < Aa,;. Clearly 4,a, < AladA' and so
AladA' = A,a,. Hence @,eTAladA'at = @,y 4,a,a,. Now apply Lemma
(2.19) with § = 4,a, to get the result. O

Lemma (2.21). Let W, and W, be parabolic subgroups of W . Let D be the
set of distinguished W -W, double coset representatives in W . Let R be the set

of distinguished right coset representatives for W, in W. For d € D, let T, be
the set of distinguished right coset representatives for Wld NW, in W,. Then for
any t € T,, we have

(1) dteR,

(2) I(dt)y=1(d)+1(¢).

teT
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Proof. (1) Suppose dt ¢ R. Then [(w,dt) < I(dt) for some w, € W, so
choose among all w, € W, with /(w,dt) < [(dt) an element W, of minimal
length. Write W, = w,v with v reduced and w, a fundamental reflection.
Thus

[(w,dt) = [(w,vdt) < [(dt) < [(vdt).
Since w, is fundamental, Theorem (1.1.5) implies that one of three cases oc-

curs: , ,
v'dt, wherel(v)=1Iv)-1

if the exchange takes place in v,
vd't, wherel(d')=1(d) -1

if the exchange takes place in d,
vdt', where [(1') = 1(1) — 1

if the exchange takes place in ¢.

The first case cannot happen since w,v is reduced. If w vdt = vd't, then
d' =v™'w vd € W,dW, which contradicts the fact that d is distinguished. If
W vdt = vdt', then ¢ = (d”'v ™" vd)t € (W N W,)t, contradicting the fact
that ¢ is distinguished. Therefore dt € R.

(2) Since t € W,, this follows immediately from Lemma (2.17). O

Lemma (2.22). Let M be an A-A bimodule and N < M an A-A, bimod-
ule. Let W, be any parabolic subgroup of W . Suppose M ~ N ® 4 4
Then M may be decomposed into chunks that are A, right-stable: M =~

Zdé Wi\ W /W3, distinguished Naa'AZ :

(Note. This is also a decomposition into A4, left-stable pieces since N is a
left A-module.)

Proof. Let D be the set of distinguished W,-W, double coset representatives
in W and let R be the set of distinguished right coset representatives for W,
in W . Decompose W into W -W, double cosets:

w=|Jwaw,.
deD
then .
R=|J(RNWdW,).
deD
For afixed d € D, let T, be the set of distinguished right coset representatives
for Wldﬁ W, in W,. Then dT, < R by Lemma (2.21). Also, dT, < W dW,
since T, < W,. Thus dT, < RNW dW,. Now let r € RN W,dW, . Since
r € W,dW,, we may write it as w,dw, where w, € W, w, € W,, and
l(w,dw,) = l(w,) + [(d) + {(w,) by Proposition (1.3.2). Since r € R, r is

distinguished in W)r = W,w dw,, and so l(w]_'wldwz) = l(wl_l) + [(w,dw,)
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by Proposition (1.1.2). But wl_lwla'w2 =dw, and [(dw,) = [(d) + I(w,) by
Lemma (2.17). Combining these facts we have
1(d) + l(w,) = I(dw,) = [(w] 'w,dw,)
= l(w; ") + l(w,dw,) = l(w] ")+ l(w,) + I(d) + [(w,),

which implies that /(w,) = 0. Hence w, is the identity and r = dw, .

Suppose w, ¢ T,. Then l(d—'wldwz) < l(w,) for some d“lwlde Wldﬂ
W, . Since d—‘wldw2 € W, , we have by Lemma (2.17) that l(d(d_lwldwz)) =
l(d)+l(d_lwldw2). Thus

l(w,dw,) = 1(d(d” " 'w,dw,)) < I(d) + [(w,) = [(dw,).

But a’(d_lwldwz) = wdw, € W dw, and dw, € R. Hence [(w,dw,) >
[(dw,), which gives a contradiction. Therefore r € dT, so that

dT, = RNW,dW,.

Thus
Y. Na, =) (Naya
rERNW,d W, €T,
Since @,er (A,a,)a, = A,a; 4, (as in the proof of Corollary (2.20)), we have

Z(Nad)a, = Na,A,

€T,

which is A, right-stable. So

Ne, 4= Vo= Y Y (Vo = X Nayd,. o

rer deDtely deD

Theorem (2.23). Let M be an A-A bimodule and N an A-A" bisubmodule of
M suchthat M ~N®, A. Then Z,(A) = N ,.(Z,(A)).

Proof. By Proposition (2.13) we have that N, ,.(Z, (4 ")) < Z,,(A). Since
N < M, it follows that Z,(4') < Z,(4), and hence Ny g (Zy(A)) <
Ny yi(Z,, (A4 N < Z,,(A). So we must show that Z, (4) < NW’W,(ZN(A'))‘
First we consxder the case W = (w) where w is a single fundamental reflection

and W' = {1}. Let m e Z,(A). Since M ~N®, A~ N® Na, , write m
as m=ny+na, with ny, n € N. Since a,m = ma,, we get

17w

a,(nya +na,) = (a,nya, +(a,na,

w w
2
= (n,a, + nya,)a, =n,a, +na,

= nya, +n,(ua, + (u -Da,)
= (unl)al +((u—=Un, +nya, .
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Equating t:arms in N gives a,n, = un,. Then a n,a, = una, and so
=u a,nya, . Thus

w u

na

-1
m=ny+u a,na, =Ny ,.(n)) € Ny . (Zy(4)).

Now for the general situation write N® ,, 4 ~ €D, Na, where R is the set of
distinguished right coset representatives for W' in W. Let me Z y(A) . Write
m=n+Y%,cp M4, n €N. Wewil show that m € Ny, ,.,(Z,(4)) by
showing that n, € Zy(4') and m = Ny, ., (n)).

Let w € W' be a fundamental reflection. Then a,m = ma, which gives

a,|n +anar :awnl +Zawnrar
rer rer
r#1 r#1

= nl + Z nrar aw = nlaw + Z nraraw .
rer réeRr
r#1 r#1

Equating terms in N we get that a n, = na, . Thus n, € ZN(A').

Now let r € R be minimum in the sense that for all 7 € R with [(7) < I(r)
we know that )

n.a,=u = a,_,na,.

Let w,w,---w, be areduced expression for r with the w, fundamental reflec-
tions. Suppose that w,w,---w, , € W'f, #€ R. Then ww, - w,_, = w'?
for some w' € W' and /(w'fF) = {(w')+/(F). But then r = w,w,- - w, | w, =
w'fwk with l(w’fwk) = l(w') + () + /(w,) and w’_l(w'fwk) , whose length
is /(#)+I(w,), is an element in W'r . Hence, since r is distinguished in Wr,

it must be that /(w') = 0 and so w' = 1. Thatis, ww,---w, | =F. Let

W, = (w,). Note that 7 is distinguished in W'i‘Wk in W. Also (W')f nw,
is trivial. For if w, € f"'W'f, then w, = #lw'F for some w' € W which
would imply that r = w'# € W'#, a contradiction. Letting Vi = Na,+(N ar.)awk
and V, = EdeW’\W/Wk . distinguished  d 47 Na,A(W,), Lemma (2.22) implies that

Ne, A=V +,
is a decomposition into A4(W) )-bimodules. Thus
Z,(AW) = Z,, (AW,)) + Z,, (A(W)))

and since m € Z, (A), we have that n.a; + (nra;)awk €Z, (A(W,)). Thus we
may apply the result of this theorem to V] since this is just the special case of
a single fundamental reflection whose proof was given early in the proof of this
theorem. This gives us

-1
ha,= (nraf)awk =u awk nfaiawk .
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By the minimality of r, we have

_ .~
na,=u " a,_,na,.

Hence

=17 —1(r)

a._\na)a, =u a,na,

—1
n.a,=u awk(u -

after all. Therefore

—I(r)
m= Zu a,na, =Ny ,.(n),
réR

and the theorem is proved. O

Corollary (2.24). Let M be an A-A bimodule and N an A-A' bisubmodule of
M such that M ~N® , A. Then

’

Z\(A) =Ny, . (Z,,(4)).

Proof. By Proposition (2.13), we have NW’W,(ZM(A')) <Z,(A). Since N <
M , we have
Ny 5 (Zpy(4) < Ny i (Z,,(A)).

Theorem (2.23) then implies that

Z,(A) =Ny y(Z(4) SNy 4 (Z,(4)) < Z,,(4)

a
and the corollary follows. O

Corollary (2.25). Let S be a direct summand of an A-A bimodule M = N® ,, A
with N an A-A' bimodule. Then

Ny y(Zg(A) = Zg(A).

Proof. Write M =S & (M — S). Theorem (2.23) implies that
Ny 5 (Z,(A)) = Z,,(4).

From Proposition (2.13) we get
Ny yi(Zg(4) < Zg(A).

Let s€ Z,(A). Then se€ Z,,(4) = NW‘W,(ZM(A')). Write
5= Z u‘l“)a,_,mar
reR

for some m € ZM(A') , where R is the set of distinguished right coset repre-
sentatives for W' in W . Decompose m as §+¢ where §€S and te M-S.

Then
-1 A -
s=>"u""a_ 50+ u'"a_ta
rerR rer
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and

s— Z u—/(’)ar_,s‘ar eSs.

reRr

But

> u_'(r)a,_.ta, eEM-S.

réR
Thus

s=Su'"a_5a,€ S0 (M-5S)={0}.
reR

Hence

s=>u""a_5a €N, ,.(Z(4))
rer
from which the corollary is deduced. O

Theorem (2.26). Let W, and W, be parabolic subgroups of W such that W, =
W," for some w € W. Let M be an A-A bimodule and N an A-A; bisub-
module of M such that M = N® 4,4 Then there is an A-A, bisubmodule N’
of M such that
Ny i (Zy(A4) = Ny . (Zy(4)).
Proof. Let d be distinguished in the double coset WjwW, in W . Let N’ be
the A4-4, bimodule N®, a,. By Lemma (2.15) we have that M ~ N’ ®,,A4.
Applying Theorem (2.23) gives
Ny i Zy(4y) = Z,,(A) .

But also we may apply Theorem (2.23) to M = N®, 4 to get
NW‘WI(ZN(A])) =Z,(4).
This proves the result. O

Corollary (2.27). Given the same hypotheses as Theorem (2.26), we can conclude
that

Ny o (Zy(4)) = Ny, (Zy(4,)) .
Proof. Applying Corollary (2.26) to N ® 4, A we have
Z,(A) = Ny, . (Z,,(4))).
From the proof of Theorem (2.26) we know that M ~ (N ® 4, @ ) ® 0,4 where
d € W,wW, is distinguished. Applying Corollary (2.24) again gives
Z,(A)=Ny . (Z,,(4,)). D

Lemma (2.28). Let W, and W, be parabolic subgroups of W and let D be the

set of distinguished W,-W, double coset representatives in W . Then
A= 4,a,4,.
deD

Proof. This follows immediately from the decomposition W = |J depW1dW,.
O
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Theorem (2.29) (Mackey decomposition). Let W, and W, be parabolic sub-

groups of W and let D be the set of distinguished W,-W, double coset repre-
sentatives in W . Also, let N be an A-A; bimodule. Then

Ne, 4=V, a)® inm 4)-
debD

Proof. From Lemma (2.28) we have 4 = @ ., 4,a,4,. By Corollary (2.20),
Aa;A, >~ Aa, ®A(WldﬂW2) A, . Thus

A~ ®(A1ad ® ywinm) 4,),
deD

and hence

Ne,A=N®, (@Alad B qwinwy) Az)
deD

~ @ ((N ®,, Alad) ® qwirms) AZ)
deD

= @ ((N B4 ad) ® ywinm) Az) - g
debD

Theorem (2.30). Let W, and W, be parabolic subgroups of W . Let R be the

set of distinguished right coset representatives for W, in W . Let D be the set

of distinguished W,-W, double coset representatives in W . For d € D, let T,

be the set of distinguished right coset representatives for Wld NW, in W,. Let
M be an A-A bimodule and let b € Z, (A,). Then

(1) for deD, u"a, ba, e Z, (AW nW,)).

(2) Ny 3y, (0) = Lyep Ny e, 0 Vagba,).
Proof. (1) Let w € Wld N W, be a fundamental reflection. Then w = a’_lwld
for some w, € W,. In other words, dw = w,d and /(d) + [(w) = [(dw) =
l(w,d) =l(w,)+/(d) by Lemma (2.17). Thus /(w,) =1 and so w, is funda-
mental. Hence,

—1 -1 -1 —1
Id w)=1((d w,) )=I(w, d)
= l(w,d) = l(w,) + I(d) = l(w,) +1(d"").

Similarly, /(wd™") = [(w) + I(d”"). Therefore

(a;-1bay)a, =a, ba,, =a, ba,,
= ad_,bawlad = ad_,awlbad

=a,..,ba;=a,, ba;=a,la; ba;).
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(2)Letde D and t € T,. By Lemma (2.21), dt € R and [(dt) = [(d)+/(?).
Thus

~1(d)
> Ny, waon, (4 a,.bay)
deD

=t —1(d)
= Z Z u ()al,,(u ad—'bad)az

deDteTy
—(l(t)+ld

= Z Z o ))a[_lad‘lbada,

deDteTy
_ —l(dt)
= Z Z u a4,)-1bay,

deDteTy
= Z u_/(r)ar_,bar since Z W, dW,| = |W|

réR deD

d
and |W dW,| = |W||-[W,: W NW,]
Ny, u.(b) O

Corollary (2.31). Let M be an A-algebra (i.e., the action on M arises from
an R-algebra homomorphism A — M). Let W, W, and D be as in Theorem
(2.30). Then

d
Ny (Zyg(A)) - Ny 3y (Zy(4)) € DN, e Ly (AW NW).
deD
Proof. Let m, € Z,,(A,) and m, € Z,,(4,). Then
Ny, H,(m )-NW w(mz)
m,)m,) by Proposition (2.13)

<Z N wrarr (4 ad_,mlad)m2> by Theorem (2.30)
deD

—i(d) .
Ny, (Z Ny, u"nuz a, ma,- m2)> since m, € Z,,(A4,)
deD

_ZNW udnu N ad_,mlad-mz) by Lemma (2.12)
deD

which proves the corollary since u_/(d)ad_,mlad “m, € ZM(A(Wld nw,)). O

Proposition (2.32). Let W, and W, be parabolic subgroups of W . Let W be
a parabolic subgroup of W contained in W, x W, so that W = W, x W, for

some parabolic subgroups /Wl of W, and Wz of Wy,. Let w € W . Then

lehxu W (au') u u,(am) NVVMVVz(a'IIA' )

where W = W W, with W, € W 0, € W and of course 1(ww,) = (W) +
[(th,) .
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Proof. Clearly we may factor w as described in the statement of the proposi-
tion. Thus

NWIXWZ ﬁ'(au‘r) = NW. x W, ﬁ',xﬁ'z(awxwz)

= NWlxW2,W,xﬁa(NW.xﬁfz,vAV.sz(aw.wz)) by Lemma (2.12)

= NW2 J’?,Z(NVVI ,y’ff] (au‘;lu"yz))
=Ny, (¥
= NVVI ,ﬁ,l (a“i’l) . NW2 ,W2 (amz) . O

W, (a;,)a,)

Definition (2.33). A right 4-module M is A'-projective if every exact diagram
of right 4-modules and maps which can be completed to a commutative dia-
gram over A’ can also be completed to a commutative diagram over A:

M
»

U——sV—0

Theorem (2.34) (“Higman’s Criterion” for A-modules). Let M be a right A-
module. Then the following are equivalent:
(1) M is A'-projective.
(2) M|M®, A; thatis, M isisomorphic to a direct summand of M® ,, A.
(3) M|Uw®, A for some right A'-module U .
(4) My ,.(Hom (M, M))=Hom (M, M).

Proof. (1)=(2) Let f: M®, A— M be defined as f(m ® a) = ma. This is
surjective and we can complete the following diagram to make it a commutative
A'-diagram:
M
PRt

Mo, A*—f—> M—>0

So by (1) this can be completed to a commutative diagram over A, say by 6.
Thus f=1, and M| M® , A.

(2) = (3) This is obvious.

(3)=(4) Define g: U®, A—-U®, A by

(Zui@)a,) g=u®a;

\iER

R = set of distinguished right coset

representatives for w'in W.
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Then for @’ € 4,

(g2} (o)

=u,®d =(u®a)d = (Zu,@ai)g a
ieR
so that g is an A'-map.
Let v=3% ,u,®a,€U®, A. Then

() (o) (5
IER IER rer

—Z(u ®a,)a, —Z(

rérR reRr
so that Ny, ,,(g) = 1U®A1A =identity on U®,, 4

Let A be the projection of U®,, A4 onto M. Clearly 4 is an A-map. Thus
the restriction of gh to M, denoted gk |,,, is an element of Hom , (M, M).
Then for me M,

(m) w W/(gh |M) =m
and so
Ly =Ny w.(8hly) € Ny ., (Hom (M, M))
which implies (4).

(4) = (1) There exists y € Hom ,(M, M) such that Ny, ,,.(y) =1, . As-
sume the following exact diagram of right 4-modules can be completed by 6
to a commutative diagram over A4':

P M
g7 1
U — V50

Then

NVV,W"(WG)f= NW’W'('//Hf) = NW’WI(VIg) = NW’W/(‘//)g =g.

Since Ny, . (w0) is an A-map by Proposition (2.13), (1) follows and this
completes the proof of the theorem. O
Remark. Theorem (2.34) also holds on either side of an 4-4 bimodule M .

Theorem (2.35). Let Z be a finitely generated indecomposable right A-module.
Then there exists a parabolic subgroup W' of W unique up to conjugation
such that Z is A'-projective and such that W' is W-conjugate to a parabolic
subgroup of any parabolic subgroup W' of W for which Z is A"-projective.

Proof. Let V(Z) be the set of all subgroups W of W for which Z is A(W)-
projective. Let W' be a minimal element of V' (Z) with respect to the partial
order containment. Let W be any element of V(Z). Write Z = @_, U,
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with each U, an indecomposable right A'-module. Then Z|Z ®, 4
=@,_,(U®, A) and Z|U,®,, A for some i by the Krull-Schmidt Theorem
[9] (with suitable hypotheses on R ). We also have that Z|Z ® ,, 4. Theorem
(2.29) implies that

Z ®A” A = @((Z ®A” ad) ®A((Wll)anI) A
deD

!

)5

where D is the set of distinguished W"-W’' double coset representatives in
W. Thus Z|(Z ® 4 a,) ® yymanw: A for some d and so

!

U’- ] (Z ®A“ ad) ®A((W”)an') A

for this d. Then U, ®, 4|(Z®,, a,;) ® 4w , 4, and hence

anw’

ZI(Z ®A11 ad) ®A((W//)an/) A .

Thatis, Z is A(W")?nW')-projective. But W’ is minimal, so W’ < (W")?.
-1
Thus (W) < W", which proves the theorem. O

3. A BAsIsS FOR Z(A(S,)) OVER Q[u,u_l]

Recall from §1 that S, is the Weyl group for SL (n,¢) and that S, is gen-
erated by the set {(12),(23),...,(n — 1 n)} of fundamental reflections. In
this section we obtain a basis for the center of A(S,) over Q[u, u—l]. This
basis consists of relative norms of elements in certain parabolic subgroups of
S, , normed up from these subgroups to S, . A particular element in A(S,) of

n
special importance to this construction is given in the following definition.

Definition (3.1). The element n in A(S,) is defined as

n=Ns,_ 5(@uz@s)-tn-1n)>
with §, _, =((12),(23),...,(n-2n-1)).
Note. For r<n-2, S, wilmean ((12),(23),...,(n—r—1n~—r)), unless
otherwise noted.
Lemma (3.2). ne€ Z(A(S,)).-

Proof. For n = 2 this is clearly true. Proceed by induction. By Proposition
(3.13) we have immediately that n € Z A S,,)(A(Sn—l)) , SO to prove this lemma,
it will be enough to show that

(3.3) A1y =My -

To do this, we will examine in further detail the element 7. Let

a=Ng (a(IZ)(23)---(n—2n—l)) .
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Then

’7 = NSn—I ,Sn—”

by Lemma (2.12)
= NSn—l ,Sn—z(aa(n—l n)) , since a € ZA(S")(A(Sn_z))
=ah,

5, 5,2 @n_1n))> byinduction, a € Z(A(S,_,))

(Ns,_, 5. @12)23) - (nm1m)) s

(n—1n)

=Ny s (@, ), by Proposition (2.13),
NSn—l ,S,,_z(a(n—l n)) € ZA(S")(A(S,,_I)) .

Hence, (3.3) holds if and only if
(3.4) a

From Theorem (2.30), part (2), with W =S, |, and W, =W, =S, _,, we
have that

n=1mNs, 5, (i) = Ng, s, (@1 )@y -

—1
Ng 5, (@ 1) =0, 1+t Ng o (@ 3, 1)n-1 n)(n—2n—l))'

Replacing N B S"_j(a(n_l n)) with this expression in equation (3.4), we get a
common term of Q) )@,y OD both sides of the equation. Thus, by

subtracting this common term and multiplying both sides by u, we have that
(3.4) holds if and only if

(3.5) Ay @Ng, s (@ yn—t mn—2n—1))
=Ng s (s n it mn—2n—1)XG (1 gy -

Bewriting Ap2n-in—1 mn=2n-1) 2 Xt nyn—2n-1)(n—1n) using the .relations
in S, and recalling that Ap_in) € ZA(S")(A(Sn_z)) gives us that equation (3.5)
is true if and only if

(36) a(n—ln)aa a

(n=2n—1))%n—1 n)
a aa

(n_’ n)NSn—Z vsn—S(

=a

1m0 50 @201 )@y gy -

Now using Lemma (2.12) and the fact that Qp_ry-1) € Z s, (A(S,_3)),
rewrite a as

a

Nsnvl ’Sll—3(NSI!—3 ,S| (a(lz)(23)(”—3n_2)) (”_2 n'_l)) .

By induction, N € Z(A(S,_,)), and so

3.8 (a(lz)(23)“'(n—3 n—2))

a=Ng s @203 m-3n-2) N,y 5., @n2n-1)) -

This expression for o allows us to rewrite the left-hand side of equation (3.6)
as

(3.7) Qi m s,y 5, (@02)023)(n=3n-2))

N, s @man 1)1

a

NSn_g,S,,_3( (n—2 n—l))a(n—l n) -
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But Ns s (a(l2)(23)~~~(n—3n—2)) € A(S,_,) and by Proposition (2.13),
Ns, s, @noan=1)) € Zys, ) (A(S,_5)) -

Thus, recalling once again that a e Z A(S")(A(Sn_z)), (3.7) may be rear-

ranged to get

(n—1n)

1y Ns, 503 @n20-1))%n-1n)
"Ny 5. (@12)03)(n=3n-2V5, 5,3 (@n20-1)%n—1 1)
=, Ny, 5, @_rn 1)y @8y g

which is the right-hand side of equations (3.6), and the lemma is proved. O

Remark. We would like to be able to define 7 as Ny, (12 n))( (12)(23)-(n—1n)) 1O
avoid the need for Lemma (3.2), but this is not permitted under our deﬁmtlon
if the norm since ((12---n)) is not a parabolic subgroup of §, . Neverthe-
less, ((12---n)) is, in some sense, close to being a parabolic subgroup. Since
S, =((12---n))S, |, we see that ((12---n)) is like the difference of the two
parabolic subgroups S, and S, _, . Because of this, one might label ((12---n))
a virtual parabolic subgroup.

It will prove convenient to have various representations for the element 7.

In the next lemma we give some useful forms of 7.

Lemma (3.8). The following are equal:

(1) n;

(2) Ng, 5, 2(Ns, 58020230 (n=20-1))Fn—1m)) 5

(3) Ng, , 5,(@13)03). . (n—20-1))Ns,_ ,S,, Qi)

(4) a1 N, 5,803 N, 5,(a30)  Ng, 5, (@105

(5) a(lz)(a(23)+u_la(l3))(a(34)+u Qy4ytU 2a(m))~--(a(n_ln)+u_'a(n_2n)+
", ).

Proof. Using Lemma (2.12) and the fact that a(n in € ZA(S (A(S,_,)), (2)
can be derived from (1). Lemma (3.2) implies that N, S, 2.5, (a(12)(23) (n—2n— 1))
Z(A(S,_,)) so that (3) equals (2). Number (4) follows from (3) by induction,
and (5) is just an expansion of (4). O

Remark. Adopting the convention that S, = S, =identity subgroup, represen-
tation (4) in Lemma (3.8) may be written as

n—1
(3.9) I~ s @iy
i=1

By Proposition (2.13), N S, .5, ( (i i+1) ) e Z )( (S,)) . This implies that each
factor in (3.9) commutes wuh every other factor in (3.9). Thus,

n=Ng | s @ 1n)Ns, s, (@u_an1) Ng, 5,(303) 5 -
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Then an easy induction argument can be used to deduce that

N

Nooor 502 @i m)Ns, 5, @z n1) Ny, 5,(8023)) 1)

Ng 5@y w2 n—1)-23)12)) -
Hence, n=Ng ¢ (@, | yn-2n_1) (23) 12)) This representation of # will be
used to prove a more general statement about 7 in Lemma (3.16).
The following lemma, although trivial, contains observations which are help-
ful in giving clarity to later results.

Lemma (3.10). Let a €S, be an n-cycle. Then

(1) each reduced expression for o must involve all of the fundamental re-
flections of S, ,
(2) lla)>n—-1,
(3) if l(e) = n—1, each reduced expression for o mvolves each fundamental
reflection of S, exactly once,
(4) if l(a) =n-— 1 there is only one reduced expression for o up to rear-
rangement of the commuting fundamental reflections in «.

Proof. 1If a reduced expression for « is missing a fundamental reflection of
S, , then a, an n-cycle, would be living inside a parabolic subgroup of S, .
This is impossible since proper parabolic subgroups of S, are direct products
of symmetric groups §; where i < n. This proves (1). Parts (2) and (3) follow
easily from (1), and the fact that S, = ((12),(23),...,(n — 1 n)). Part (4) is
an immediate consequence of (3).

Lemma (3.11). Let a €5, with [(a) = n—1. Suppose that a reduced expression
for a involves every fundamental reflection of S, exactly once. Then o is an
n-cycle.
Proof. Assume without loss of generality that the fundamental reflection
(n— 1 n) appears to the right of (n —2n— 1) in the reduced expression for «.
Since (n — 1 n) commutes with every other fundamental reflection of S, , we
may write

a=ad(n-1n)
with ' €S, | =((12),(23),...,(n=2n-1)), o' reduced, /(a’) =n—2 and
o' involving every fundamental reflection of S,_, exactly once. By induction,
o' isan (n— 1)-cycle. Write

1

..n...]...n'n_l).

Then

o= 1-m ) (n-1n)
=(nl...n_ln...nn_l)

is an n-cycle. O

Remark. Although there are redundancies in the hypotheses of Lemma (3.11),
we have stated it this way for clarity.



CENTERS OF GENERIC HECKE ALGEBRAS 383

Definition (3.12). A partition of » is a finite sequence of positive integers a =
(k,,k,, ... ,k,) such that

(1) k, > ki+l for all i/,

(2) Xikj=n.

The fact that « is a partition of » is abbreviated a+ n.

If = €§,, then the ordered lengths of the cyclic factors of z in cycle no-
tation form a uniquely determined partition of n. Since cycle structure in S,
uniquely determines conjugacy class, we have a one-to-one correspondence, in
a natural way, between partitions of n and conjugacy classes of S, .

Lemma (3.13). Every conjugacy class in S, , with the exception of the class of
n-cycles, contains an element of length less than n — 1.
Proof. Let a + n with a = (k,k,, ... k), t > 1, so that a corresponds
to a conjugacy class C, of S, other than the class of n-cycles. Consider the
element
m=(12)(23)---(k, = Lk)(k, + 1k, +2)(k; + 2k, +3)

ok +ky = Tk + k)

okt ko ko Lk R+ k +2)

R A A Tl L IR L T )

= (123 k) (k, + Lk, +2---k, + ky)

(kg k Lk R4+ k),
where the convention is that (rr) is the identity. Clearly = € C, and /(n) =
Ej.zl(kl. -1)= Zi’:] k;—t=n—t<n-1. The lemma follows from Lemma
(3.10), part (2). O

Notes. (1) When we say an element a, in A(S,) contains or involves a particu-
lar fundamental reflection, we mean that any reduced expression for y contains
or involves that particular fundamental reflection in S, .

(2) Given a, € A(S,) , the length of a, , denoted / (a;,) , will mean the length
of y, I(7).

(3) Let a € A(S,). Then a may be written as

a= Y f(wa, with f,(u)eQu,u .
weS,
By a term of a we mean f, (u)a, forsome w €S, , with f (u)#0.

Lemma (3.14). Every term of n contains each of the fundamental reflections
(12),(23),...,(n—1n).
Proof. Appealing to Lemma (3.8), part (3), and expanding we have

n="Ns s (@03 mn-20-1)Ns,_, 5, (Fn_ i m)

n—1

_ —(l((n=tm)=1)/2
= Ns, ., 5.(@12)23) - (n-2n-1)) Z u An—tn)-
=1
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By induction, every term of NSH_Z,S. (a(lz)m),__(n_“_l)) contains each of the
fundamental reflections (12),(23),...,(n —2n —1). Let a, be an arbi-
trary term of NS,,_z,Sl (a(12)(23)-~(n~2n—l)) , disregarding the coefficient. Let 7 =
(n=1n)(n—-2n-1)---(n—tn—t+1) forafixed ¢ with 1 <t<n-1. Then

a;’ : a(n—tn) = aya(n—ln—t+l)(n-t+1 n—t+2)---(n—2 n—l)a‘t :

Each of the terms f (u)a,, f,(u) # 0, of the product

Ayt 1) (=141 n—142)--(n=2n—1)

is such that 4 € §, | with 4 involving all of the fundamental reflections of
S,_, with the possible exception of (n—tn—t+1), (n—t+1ln—-t+2),...,

(n—2n-1). But 7 contains these possible deficiencies in addition to (n—1#n),
and since 7 is a distinguished right coset representative for S, _, in S, , we
have by Proposition (1.1.2) that a;a, = a,, so that every term in a,a,
contains each of the fundamental reflections (12),(23),...,(n — 1n). The

lemma follows. O

Corollary (3.15). Let fy(u)ay be an arbitrary term in n with f;,(u) #0. Then
l(y)2n-1.

Proof. Since there are n — 1 fundamental reflections of S, , the corollary is an
immediate consequence of Lemma (3.14). O

Lemma (3.16). Let 1 €S, be an n-cycle with [(t) =n—1. Then

Ng sla)=n.
Proof. By Lemma (3.10), part (3), a reduced expression for 7 involves every
fundamental reflection of S, exactly once. Assume first that (n — 1n) occurs
to the right of (n —2n — 1) in a reduced expression for 7. Since (n — 1n)
commutes with every other fundamental reflection of S, , we may write

r=r/(n—1n),

where 7' is reduced, /(t') = n—2 and 7’ involves each of the fundamental re-
flections (12),(23), ...,(n—2n—1) exactly once. Thus Lemma (3.11) implies
that v’ is an (n — 1)-cycle. Therefore

Ng  sla)=Ng  c(a,a,_,)

= Nsn—l )Sn—Z(NSn—Z 1 (aT')a("—‘l n)) :

Since this lemma is trivial for n = 2, by induction we have Ng s (@) =

N, . 5.(412)23)..(n-2n-1)) - Hence

N, s(a)=Ng s (Ng 580003 n—2n-1)%n-1 1)
=n by Lemma (3.8).
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Now assume that (n — 1 n) occurs to the left of (n —2n — 1) in a reduced
expression for 7. Following the same line of reasoning as above, we may write

‘r=(n—1n)t',

where 1’ is reduced, /(') = n —2 and 7' involves each of the fundamental
reflections (12),(23),...,(n—2n—1) exactly once. As before, Lemma (3.11)
implies 7' is an (n — 1)-cycle and we have
NS,,_] ,S| (aT) = NS,,_I ,Sl (a(n—l Vl)a‘l.")
= N5, 5021V, 5, (@) -

By induction we have

Ng  s5(a)=Ng (@ 20 1yn-3n-2)-23)12) -
Thus
Ny  sa)=Ng o (a, N5 ,5@u_251)..(12)
=N, 5,2 W, 5@t mynm2n-1)-02)
=Ny | 5. myin—2n-1)23)012)
=71

by the remark following Lemma (3.8). O

Lemma (3.17). Let f,/(u)ay be a term of n with fy(u) # 0. Suppose I(y) =
n—1. Then y is an n-cycle.

Proof. In taking the norm of A(12)23).(n—1n) tOEEL 1, the lengths for the right
multiplications add by Proposition (1.1.2). Hence, the only way to get back
down to an element a,, with [(y) = n — 1, is to have every fundamental
reflection coming from the corresponding element being multiplied on the left
reduce the length. That is, y must be of the form r~'(12)(23)---(n — 1 n)r
which is of course an n-cycle. O

Lemma (3.18). Let n € S, be an n-cycle with [(n) = n—1. Then a, occurs
with coefficient one in the complete expansion of 1.

Proof. Lemma (3.10), part (3), implies that (n — 1 n) occurs in any reduced
expression for 7. Assume that (n — 1n) occurs to the right of (n—2n—1) in
a reduced expression for 7. So we may write

7t=7z'(n—1n),

where 7’ is reduced, /(n') = n— 2 and 7’ involves each of the fundamental
reflections (12),(23),...,(n—2n—1) exactly once. Hence, by Lemma (3.11),



386 L. K. JONES

n' isan (n — 1)-cycle. Then using Lemmas (3.8) and (3.16), we get

n="Ns,_ s5_.(Ns,_, 5(@)8_ )

= NS,,_. ,s,._z(Ns,,_z S (4(12)(23)-~(n—2 n—l))a(n—l n))
= Ns,_, 530203 n—2n-1)Ns,_, 5, Qi m)

n—1
_ —(l((tm))=1)/2
= Ns,_, 5, (@12)023) - (n-2n-1)) Z u Utn) -

From this we see that to get the term a_ there must be some y € §, | such
that
ykn)=m=n'(n—1n) forsomel <k<n-1.

This implies that
-1 1
(kn)(n—1n)=y m €85,_,

which is a contradiction unless k = n — 1. Thus y = 7’ . This lemma holds
obviously for n = 2 and so we assume by induction that a, occurs with
coefficient one in Ns s, (a(12)(23)~~(n—2n—l)) . This forces the coefficient of a,
to be one in x. The case when (n — 1 n) occurs to the left of (n —2n—1) in
a reduced expression for 7z is handled in a similar manner. O

Notation. Let a € A(S,). We will write « |,_, to mean the image of o in the
specialization of A4(S,) at u = 1. We say that « is specialized at u = 1.

Lemma (3.19). Utilizing the fact that A(S,) |,_,~ QS,, we have that 7| _,
equals the sum of the n-cycles in QS, , making the natural identification of a,,
in A(S,) with w in S, .

Proof. Since n|,_ € Z(QS,), it may be written as a Q-linear combination of
conjugacy class sums for §, . Using Lemma (3.13) and Corollary (3.15) we
conclude that 7 |,_, must be a Q-multiple of the single class sum of n-cycles.
By Lemma (3.18), this multiple is one and the lemma is proved. O

Remark. Lemma (3.19) follows easily from the observation that

n |u=l: Nsn—l .S (a(12)(23)~»(n—1 n)) |u=l
=N | 5 ((12)(23)-- (n = 1n)),

which is the class sum of n-cycles in S, . The proof given above is more
consistent with the general methods of proof given for other results in this
section.

Definition (3.20). For each partition a = (k, ,k,, ... k) of n (recall k, >

k,>--->k,), we say a parabolic subgroup P, ,s of S, corresponds to « if
S X S X o X Sk, )

(YS

where s is a numeric subscript used to dlstmgmsh among the different parabolic
subgroups of S, having the shape of «. For example, for n = 5, P

(!l:
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((12))x{(34)) xS, and P ,= = ((23))x((45)) xS, both have shape a = (2,2,1).
In some sense there is a natural representative parabolic subgroup to choose
from among all parabolic subgroups having shape «, namely,

Skl XSk:X"'XSk,
with
S, =((12),(23), ..., (k, = 1k))),
Sp, =k + Lk +2), (ky + 2k +3), ., (k) + ky = Tk + k)

and so on. We will let P | be this particular lefi-justified choice and denote it
simply as P, deleting the subscript s.

Definition (3.21). Let P, s be a parabolic subgroup of S, corresponding to a
partition o = (k,,k k) of n asin Definition (3.20). Define

2000k

(xs H S/\ |S|
l, = Z(k, -1
i=1

where s is as it was in Definition (3.20), and where w, is a k-cycle in .S, of
length &, — 1 and Ng  5la,)=a if k;=1.Also, n, =1, .

Remarks. (1) For a = (n), there is of course only one P , namely P =S, .
Sothen n, ., =1n,=1.

(2) If a fundamental reflection appears in one of the norm factors of 7,
will not appear in any other factor. This implies that these factors commute
with each other and the lengths add in the multiplications.

Lemma (3.22). Let o, B € A(S,). Then

(1) (a+ B)luzl = aluzx + ﬂ[u:l )

(2) (aﬂ)lu 1= a|“ ] 'Bluzl ,
Proof. (1) This is clear.

(2) In view of (1), we only need to consider the trivial case a = f(u)a
B = g(u)a,, , where w ,w' e S, . Then

w

aﬂlu 1 = f g(u)au au Il( 1
= f(u)g(u)(u” a,,, + (u—1)( possible other terms))]

= f(l ) :nu” = f(l)amg(l)aw’ = alu:l ' ﬂluzl'

Lemma (3.23). Let o, P, ,n,  and | be as in Definition (3.21). Then

(1) n,  involves only terms of length | and longer,

(2) the coefficient on all terms corresponding to elements in the class of « of
length [ is one,

(3) n,, € Z(A(P, ),

u=1
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4) n, |y =TT;_, (sum of the k;-cyclesin S, ),

(5) Let fy(u)a,/, fy(u) # 0, be atermof n,  with I(y) =1,. Then y €
C,NP,  (consequently, fy(u) =1 by part (2) of this lemma).
Proof. (1) This follows from Corollary (3.15), Lemma (3.16), and Remark (2)
following Definition (3.21).

(2) This follows from Lemma (3.16), Lemma (3.18), and Remark (2) follow-
ing Definition (3.21).

(3) This follows from Lemma (3.2) and Remark (2) following Definition
(3.21).

(4) This follows from Lemma (3.19) and Lemma (3.22).

(5) This follows from Lemma (3.17) and Remark (2) following Definition

(3.21). O
Remarks. (1) We may restate part (4) of Lemma (3.23) as follows: Let C be
the conjugacy class in S, corresponding to «. Then
My sl = the sum of the elementsin C, NP, .
(2) If we write n, . =3 p f,(wa, with f (1) € Qlu,u""], part (4)
implies f (1)=0 or 1.
Definition (3.24). Let o, P

.S’

b(z \5 = NS,, ,1’,._5(”0 ,S)'

and 7, . be as in Definition (3.21). Define

Also,
ba = NS,, ,P,.(na)'

Lemma (3.25). The element b,  contains only terms of length | and longer.

Proof. In taking the norm of 7, s> lengths for right multiplications add by
Proposition (1.1.2). The left multiplictions can only reduce the length by, at
most, the same length as it had been increased by the right multiplications.
Thus the result follows from Corollary (3.15). O

Lemma (3.26). The element b,  isin Z(A).

Proof. This is immediate from Lemma (3.23), part (3) and Proposition (2.13).
]

Lemma (3.27). Let fy(u)a,/ be a term of b, with fy(u) # 0. Suppose [(y) =
[ . Then yeC,.

Proof. In view of Lemma (3.23), part (5), we can use the same argument on a
term a, of n,, with /(y) =/ in taking the norm of 7, & to get b,  , as was
used in Lemma (3.17), to get this result. O

Corollary (3.28). Let f/(u)a7 be a term of b, . with I(y)=1,. Then fy(u) is
a positive integer.
Proof. From Lemma (3.27) and the technique in its proof, y € C, and a,

must be realized as a,_, , where r is a distinguished right coset representative
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for P, in S, , teC NP with /(1) =/ and a, isa term of 1, s having

coeﬂiaent one. Thus, in taking the norm we get the product

w0, _ia_a, = a, + other terms of longer length
r Tr 7

and the corollary follows. 0O

Proposition (3.29). Let C, be the conjugacy class of S, corresponding to o and
let C denote the sum of the elements in C . Then

b, |-y =INs (P, ): P IC,.

Proof. Let f( )a be a term of 7, w1th f( );éO sothat ye C,_ NP _ by
Remark (1) followmg Lemma (3. 23) Let T be the set of d1st1ngulshed rlght
coset representatives for P, s in S, . Then for r € T', we have

ar_,f;,(u)a;,ar = f,(u)a,_.«,, + f (u)(u — 1)(other terms)

so that only terms like a,_,. o will survive in the specialization of b _; that is,
only terms corresponding to conjugates of y. From Lemma (3.26) we conclude
that b, |,_, is some multiple of C . To determine the exact multiple, we
will determine the coefficient on a, in b, sy - I reNg (P, )N T, then by
Lemma (3.22), part (2), and Lemma (3.23), part (4), we have that a,n, al,,
contains exactly one a,. On the other hand iffor Aie C, NP,  and reT

«a,s
we have r~'ir = v, then w 1w = w” ya) =/ for some w € PM. Thus
rw € Cg (4). Rewrite P as S:n'l x S:;fz x .- x S, where S,, # S, for
i # j. Then write A as 1'[;.:l ;721’1:',/ where }t,.’j is an mj-cycle of length
m; -1 inside one of the Sm, factors of P, . Thus

z v
=S, x HH(,t,,J) xS, XS, X xS,

j=1i=1
<§xP xS x§ x--x8§
[ ) vy -

where t = n — Zvlmi.
i=1

=N_(P

Su 4 ,S) ’

Therefore, rw € Ng (P, ) and since obviously w € N (P, ), it follows that
r € Ny (P, ). Hence, the coefficient on a, in b is |N (P )NT| =

.5 u,Slu=l .S

[N (P, S) P, ] and the proposition is proved. O

Corollary (3.30). The positive integer coefficient that occurs in Corollary (3.28)
is [Ng (P, ):P (]

.5
Proof. This is immediate from Corollary (3.28) and Proposition (3.29). O
Remark. Since [Ng (P, s) P, 1=I[Ng(F,):P], the positive integer coeffi-

[

cient in Corollary (3 28) is independent of 5.
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Definition (3.31). Define B to be the set {b | aF n}, and B|
{b | latrn}.

Corollary (3.32). The set B|,_, is a basis for Z(QS,) over Q.
Proof. Immediate from Proposition (3.29). O

to be the set

u=1

Remark. Lemma (3.25) and Lemma (3.27) imply that the elements of B can
be put into a triangular form with respect to the lengths of the terms involved
in the elements of B. This fact is crucial to the proof of the following main
theorem.

Theorem (3.33). The set B is a basis for Z(A(S,)) over Q[u, u .

Proof. Suppose there is a relation ), f (u)b, = 0 with f (u) € Qu,u 1
and not all f (u) equal to zero. If f (1) =0 forall f (u)# 0, then u—1 is
a factor of each f (u) # 0 and we may cancel it. Thus we may assume that
f,(1) # 0 for some «. But then

0= (Z ﬁ.(u)ba)
abn

contradicts Corollary (3.32). Hence, B 1is a linearly independent set over

= f(1b

u=1 atn

Q[u,u_l]. Now, for each partition a = (k,k,,...,k,) of n, pick an
element B . =a, € {a,| w € S,} suchthat 1€ C , I(r) =/, and 7 is
supported on {1,2,..., 3k} where k, = 1 for v < i < t. In other

words, 7 has minimal length in its conjugacy class in S, and is lefi-justified.
Let S = {B, .| aF n}. Denote the span of S in A(S,) over Q[u, u"'] by (S).

«,T
Let 7 be the projection of Z(A (S,)) onto (S). Considering dimensions over

Q(u), we deduce from the fact mentioned in the remark following Theorem
(1.2.5) that the kernel of 7 is trivial. Thus

(S)/n((B)) = Z(A(S,))/(B) .

From Lemma (3.25) and Lemma (3.27) we have n(B) = .S so that n({B)) =
(S). Hence, (B) = Z(A(S,)) and the theorem is proved. O

Examples. (1) n = 3.
.
n=Ng, 5(a1203) =3 T 3t 4 (U—1a,;.
Let ﬂ—al, +a23 +u a13 Then

{ S(a NS 5,( (12) S5 53(77)=77}’

where
Ng s (a)) = 6a +3u (u—l)ﬂ+u (u—l)n

and
—1
N, 5,(@12) = B+u (u—1)7.
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(2) n=4.

= Ng, 54122334

= A(123a) T Q1432 T G243y T Q1342

~2, 2
+u (U —u+ 1)(a(l423)+a(1324))
-1
tu (U= 1)(a3)04) T %120y T razy + G130y + G1a3)
-2 2 -3 2
+u (u-1) Qg T U (u—1)(u +1)a(l4)(23).
Let
_ —1 -2
B=a,y54 U 304U A4 03>
V=423 T A30) T 034 T G043
—1
T U (@t gt Q30 T a3)
-2 -2
+u “(u- 1)(a(1324)+a(1423))+2u (u— l)a(M)
-3 2 -
Fu (u=1) a0ty (U=1)(a; +ay,)
and | ,
T=0Q ) + 53 + a5 + U (am) + a<24)) +u "ay-
Then

B = {NS4,Sl (a[)’NS4 ‘SZ(a(lz))’NS4,S2XSZ(a(12)(34))’NS ,S:;(st S (a(IZ)(23)))"7}’
where
Ny, g(a)) =24a, + 120" (u - Dt +4u">(u—1)"y
+6u -1+ u - 1)y,

NS4,SZ(a(12)) =21+ 2u_l(u -y + 2u—1(u -1+ u_z(u - 1)211,

-1
NS4 ,Sszz(a(12>(34)) =2+u (u—-1)n,

—1
Ng, s;,(Ng, 5.(a12)23))) = Ng, 5,(a3) + a3+ (u—1)a;)

=y+uu-1)7.
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