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CENTERS OF GENERIC HECKE ALGEBRAS 

LENNY K. JONES 

ABSTRACT. Let W be a Weyl group and let W' be a parabolic subgroup of 
W . Define A as follows: 

A = R ®Q[uj .9f(W) 

where .9f (W) is the generic algebra of type An over Q[u] , u an indeter-
minate, associated with the group W, and R is a Q[u]-algebra, possibly of 
infinite rank, in which u is invertible. Similarly, we define A' associated with 
W'. Let M be an A-A bimodule, and let b EM. Define the relative norm 
[14] 

Nw.w,(b) = L u-I(t)at-, bat 
tET 

where T is the set of distinguished right coset representives for W' in W. 
We show that if b E ZM(A') = {m E Mirna' = a'm Va' E A'}, then 
Nw.w,(b) E ZM(A) . In addition, other properties of the relative norm are given 
and used to develop a theory of induced modules for generic Heeke algebras 
including a Markey decomposition. This section of the paper is previously 
unpublished work of P. Hoefsmit and L. L. Scott. 

Let " = (kl' k2 , ... , k=) be a partition of n and let Sa = nT=1 Ski be a 
"left-justified" parabolic subgroup of Sn of shape n. 

Define 

where 
b" = Nsn.s,,(A{,), 

z 
A';, = II NSk,_,.s, (aw;) 

;=1 

with 'W; a k;-cycle of length k; - I in Ski' Then the main result of this paper 
IS 

Theorem. The set {b" I rd- n} is a basis for ZA(Sn) (A(Sn)) over Q[u, u- 1] . 

Remark. The norms b" in ZA(Sn)(A(Sn)) are analogs of conjugacy class sums 
in the center of QSn and, in fact, specialization of these norms at u = I gives 
the standard conjugacy class sum basis of the center of QSn up to coefficients 
from Q. 

1. PRELIMINARIES 

This section contains certain key definitions and results, presented without 
proofs, of standard fare needed for later sections. 
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1.1. Parabolic subgroups of Weyl groups. Let W = W(~) be a Weyl group and 
let R={w ,w , ... ,W } with a 1 ,a2 , ••• ,an fundamental. 

ill 02 un 

Definition (1.1.1). Let J :::; R. Then UJ = (J) is a parabolic subgroup of W. 

Proposition (1.1.2). Let I, J :::; R. Let ~ w WJ be a double coset in W. Then 
there is a unique element w of minimal length in ~ w WJ such that, given any 
v E ~ w WJ , there exist elements s E ~ and t E WJ so that v = sw t, with 
l(swt) = l(s) + lew) + l(t). 

Definition (1.1.3). The element w in Proposition (1.1.2) is called a distin-
guished double coset representative. 
Note. If J = 0, then w is called a distinguished right coset representative, 
adopting the convention W0 = {I} . 

Proposition (1.1.4). Let I, J < R and let w be distinguished in ~ w WJ . 

Then (~)W n WJ is a parabolic subgroup of W . 

Theorem (1.1.5) (Exchange condition). If w w ... w is reduced and 
"\ "2 "k 

is not reduced (ao E II), then for some i:::; k , 

Remark. Given w w ... w reduced with w w w ... w not reduced, 
"\ "2 "k "0 "\ "2 "k 

the exchange condition implies that 

(w w "·W )w w .. ·w = (w "·W )w w "'W 
aD 0;1 O:i-I at Qi+1 uk 0, aj 0:; 0i+1 Clk 

1.2. The generic algebra and specialized algebra. Let (W, R) be a finite Cox-
etersystemwith R={W1 ,W2 , ••• ,wn}. Let D=Q[U 1 ,U2 , ••• ,un ] be the 
polynomial ring over Q in indeterminates {uJ corresponding to the distin-
guished generators in R and satisfying the condition that u i = uj whenever 
Wi and Wj are conjugate in W. 

Definition (1.2.1). The generic algebra (or generic Hecke algebra) .91 = .9I(W) 
is the algebra over D, with basis {aw I w E W} over D, identity element a 1 ' 

and multiplication defined by the conditions 

{ aww ' l(wiw) 2: l(w), 
aw;aw = Ui~WiW + (u i - l)aw ' l(wiw) < l(w) . 

.91 has a presentation with generators {aw; I Wi E R} and quadratic relations 
2 aw; = uia1 + (u i - l)aw;' WER, 

and homogeneous relations 

(i =I- j) 
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with nij factors, where nij is the order of the product wiwj in W. Thus we 
may define the following homomorphism: 

ind:.9I- D 
a 1---+ u·. 

Wi I 

We then may define the Poincare polynomial of W, and generic degree corre-
sponding to an irreducible character X of K ® R.9I (W) where K is an algebraic 
closure of K. 

Definition (1.2.2). Let .91 =.91 (W) be a generic algebra, and X an irreducible 
character of K ® R .91 . The generic degree corresponding to X is the element 
of K given by 

d = (degx)' d w 
x EwEw(ind(aw»-1 x(aw)x(aw- ' ) , 

where d w is the Poincare polynomial of Wand is defined by 

dw = L ind(aw )' 
wEW 

Definition (1.2.3). Let L be any field of characteristic zero and ¢: D - L a 
homomorphism. Consider L as an L-D bimodule by setting 

lJ..d = 1J..¢(d) , 1,J..EL, dED. 

Then .9Ij ,L = L ® D.9I is an associative algebra over L called a specialized 
algebra . 

.9Ij ,L has a basis {aw<p = 1 ® aw I W E W}, generators {aw;<p I Wi E R}, and 
defining relations obtained by applying ¢ to the relations for .91 in Definition 
(1.2.1). 

Proposition (1.2.4). Let f: D - Q be defined by f(u) = qi Vi. Then .x1f.Q ~ 
Jr(G,B). 

Let f: D - Q be defined by f(u i ) = 1 Vi. Then .9Ij ,Q ~ QW. 

Theorem (1.2.5) (Tits). Let G = SL(n, q), B = subgroup of G consisting of 
upper triangular matrices and W = Sn' Then Jr(G, B) ~ CW. 
Remark. In [11], Curtis and Scott give a (modular-theoretic) proof of the fact 
that Jr(G, B) ~ QW, with G, Band W as above, along the lines of Feit 
[12] which motivated the work of Hoefsmit and Scott [14] presented in the next 
section. 

2. GENERAL RESULTS 

The material in this section is due mostly to Peter Hoefsmit and Leonard 
Scott, taken from unpublished work [14] done in 1976. We would like at this 
time to point out the results of this section which the reader should focus on 
in order to understand the main results of this paper, given in §3. They are 
Lemma (2.12), Proposition (2.13), and Theorem (2.30). 
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Definition (2.1). Let u be an indeterminate. Define 

A = R ®Q(Uj.PI , 

where R is a Q[u]-algebra, possibly of infinite rank, in which u is invertible 
and where .PI = .PI(W) is the generic algebra of a Weyl group W over Q[u]. 
Similarly, define 

A' = R ®Q(Uj.PI', 

where .PI' =.PI' (W') is the generic subalgebra of .PI associated with a parabolic 
subgroup W' of W. 

Definition (2.2). Let M be an A' -A' bimodule. Define 

ZM(A') = {m E M I a'm = ma' for all a' E A'}. 

Note. We will write Z(A) for ZA(A). 
Remark. If WI and US are parabolic subgroups of W, then A I and A2 will 
denote the corresponding subalgebras of A unless otherwise stated. Also, given 
an arbitrary parabolic subgroup P of W, we will sometimes denote the corre-
sponding subalgebra of A as A(P). 

Definition (2.3). Let M be an A-A bimodule and let b EM. Let R be the set 
of distinguished right coset representatives for W' in W. Define the relative 
norm 

b "" -/(r) b Nw,w'( ) = ~u ar- I ar' 
rER 

Note. If W' is the identity subgroup, we will write Nw ,I (b). 

Lemma (2.4). Let M be an A-A bimodule, and let bE M. Then Nw I (b) E 
ZM(A). ' 

Proof. Consider the A-A bimodule M EB A. For each m EM we can define 
cPm E HomQ(U)(M EB A, M EB A) by 

cPm(m' + a) = ma for any m' EM. 

Thus M :::; HomQ(U)(M EB A ,M EB A), and since Nw ,I (b) EM, we have 
Nw,l(b) E HomQ(U)(ME9A,MEBA). Now {aw I W E W} and {u-/(W)aw _ 1 I W E 
W} are dual bases for the symmetric algebra Q(u)A with respect to the non-
degenerate associative coefficient at the identity form. Hence Q(u)A is Frobe-
nius and therefore Nw ,I (b) E HomQ(U)A(M EB A, M EB A) [8]. In particular, 
aNw,l(b) = Nw,l(b)a for all aEA. Hence, Nw,l(b) EZM(A). 0 

Lemma (2.5). Let al be the identity in A. Then Nw ,I (a l ) is invertible in 
Q(u)A. (Note. By [13], Q(u) is a splittingfieldfor A when .PI(w) is type An; 
for other situations extend to a splitting field.) 
Proof. Write 
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where the ex are the central primitive idempotents associated with the irre-
ducible characters for A over Q(u). We will determine Cx explicitly. Applying 
a particular character X to the norm, we get 

(2.6) L u -/(w) x(aw-1aw) = cxx(a l ). 

wEW 
Let {Xij 11 :::; i ,j :::; x(a l )} be a set of matrix coordinate functions associated 
with X and let {Iij I 1 :::; i ,j :::; X (a I)} be the set of corresponding matrix units. 
Then 
2 ""' -/(w) ( ) ""' ""' -/(w) ( ) ( ) ( .7) ~ u X aw-1aw = ~ ~u Xji aw- I Xij aw 

wEW i,j 

= L Lu-/(W)x(lijaw-,)Xij(aW)' 
wEW i,j 

Now write !;j = LWEW cwaw ' Consider the function P = Lx dxx , where dx 
is the generic degree of X. Observe that 

{ 
dw (where dw is the Poincare polynomial for W) 

p(aw ) = if w = the identity, 
o otherwise. 

Let !.E W. Then 

( ( )) { 
c u/(w) d 

p(!;jaT) = p w~ cwaw aT = OW W 
Of -I 1 ! = W , 

otherwise. 

Also, 

Thus 

and hence 

(2.8) 

Multiplying both sides of (2.8) by fji and applying X gives 

(2.9) 

Summing both sides of (2.9) over i and j, we have 

2 ""' ""' d- I d -/(w) I" ) (f (2.10) x(a l ) = ~ ~ W xU X(JijaW- 1 X jjau,) , 
i,j 'WEW 

since fji!;j = fjj' Combining (2.10) with (2.7) yields 

(2.11 ) 
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Finally, from (2.11) and (2.6) we deduce that Cx = d;'dxx(a\) , which is in-
vertible in Q(u) and the lemma follows. 0 

We see that our norm has a nice transitivity property with respect to parabolic 
subgroups. 

Lemma (2.12). Let M be an A-A bimodule and let b EM. Let Wi and WI! 
be parabolic subgroups of W such that Wi ::; WI! ::; W. Then 

Nw ,w,(b) = Nw ,wlI(NwlI ,w,(b», 
Proof. Let R be the set of distinguished right coset representatives for WI! in 
W ,let T be the set of distinguished right coset representatives for Wi in WI! 
and let S be the set of distinguished right coset representatives for Wi in W. 
Write 

W = U WI! r = U (U Wit) r. 
rER rER lET 

From this decomposition we see that tr E S. That is, since r is distinguished 
in WI! rand t is distinguished in Wit, it follows that tr is distinguished in 
Wi tr. Also, from Proposition (1.1.2), we have l(tr) = I(t) + I(r) since t E WI! . 
Thus 

Nw,wlI(Nwll,w,(b» = Lu-/(r)ar_1 [Lu-/(I)al-1bat] ar 
rER lET 
~~ -/(lr) b 

= ~ ~ u ar- 1t- 1 aIr 
rER lET 

= Lu-/(a)as-1bas = Nw,w,(b). 0 
sES 

Proposition (2.13). Let M be an A-A bimodule and let bE ZM(A/). Then 
(1) Nw w,(b) E ZM(A); 
(2) If ZM(A) is regarded as a Z(A)-module, then NW,W,(ZM(A' » is a 

Z(A)-submodule of ZM(A). 

Proof. (1) Clearly Nw,w,(b) EM. Now 

by Lemma (2.12). 
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But N w ,I (b/Nw' ,I (a l )) E ZQ(U)A'M(A) by Lemma (2.4), and since 

ZQ(U)A-M(A) ::::; ZQ(U)M(A) , 

we have 

which proves (I). 
(2) For Z E Z(A), we have 

Nw,w,(b)z = Nw,w,(bz) , 

which proves (2). 0 

367 

Lemma (2.14). Let aw be any basis element of A. Then aw is invertible in A. 

Proof. Since w can be expressed as a product of fundamental reflections, we 
may assume without loss of generality that w itself is a fundamental reflection. 
From the relation a~} = ua l + (u - I)aw ' we easily derive 

-I -I 
aw =U (aw-(u-l)al)EA. 0 

Lemma (2.15). Let WI and W2 be two parabolic subgroups of W such that 
W2 = WII/I for some wE W. Let N be an A-AI bimodule. Consider the A-A2 
bimodule N ® Al ad where d is distinguished in ~ w W; = WI W = W W2. Then 

N ® Al A ::::: (N ® Al ad) ® A2 A. 

Proof. First note that W2 = ~d so that WldW; = Wid = W2 and N®AI ad 
really is an A-A2 bimodule. Now (N ® Al ad) ® A2 A ::::: N ® Al (Alad ® A2 A), so 
it will be enough to show that AI ad ® A2 A ::::: A. Define maps 

¢: Alad ®A2 A ....... A 

a' ad ® b t--+ a' adb , 

'II: A ....... Alad ®A2 A 
-I 

a t--+ ad ® ad a. 

Since a;;t E A by Lemma (2.14), 'II makes sense. Let a E AI and ii EA. 
Then aad = ada for some a E A2 . Thus 

¢(a· a' ad ® b) = aa' adb = a· ¢(a' ad ® b), 

and 
¢(a' ad ® b· ii) = a' adbii = ¢(a' ad ® b) . ii, 

which shows that ¢ is an AI-A bimodule map. Also 

'II(a· a) = ad ® a;1 aa = ad ® aa;1 a 

= ada ® a;1 a = aad ® a;1 a = a 'II (a) 

and 



368 L. K. JONES 

so that'll is an AI-A bimodule map. Finally, 

and 

and the lemma follows. 0 

Lemma (2.16). Let R be the set of distinguished right coset representatives for 
W' in W. Then 

A = EBA'a,. 
rER 

Proof. This follows immediately from the decomposition W = UrER W; and 
Proposition (1.1.2). 0 

Lemma (2.17). Let Jf'; and W2 be parabolic subgroups of Wand let WldU-; 
be a double coset in W with d distinguished. Then for any WI E WI' we 
have I(wld) = l(w l ) + I(d). Similarly, for any w 2 E W2 ' we have l(dw2 ) = 
I(d) + l(w2). 

Proof. We give the proof for W2 • Suppose there is v E W2 such that I(dv) < 
I (d) + I (v). Write v = v I v2 ... v z as a reduced product of fundamental reflec-
tions Vi' Then there is a smallest subscript, say j, such that l(dvI v2 ... vj_ l ) = 
I(d) + l(vI ... v j_ I), but l(dv IV2 '" v) = I(d) + l(vI '" Vj-I) - 1. Let v = 
V I V 2 " ·vj _ l . By Theorem (1.1.5), we have 

{ 

dv', where l(v') = l(v) - 1 
" if the exchange takes place in v , 

dvv=, , 
J d v, where l(d ) = l(d) - 1 

if the exchange takes place in d . 

The first case cannot happen since I(vv) = I(v) + 1. If dvvj = d'v with 
I(d') = l(d) - 1, then d' = dvvjv- I E WldU-;, which contradicts the fact that 
d is distinguished. This proves the lemma. 0 

Remark. Let d E WI d u-; be distinguished. If d- I E U-;d- I WI is not distin-
guished, then for some w2 E U-;, WI E WI we have 

contradicting the fact that d is distinguished. 
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Definition (2.18). Let T be a right A-module. Then T is induced from a right 
A'-module T' if T ~ T' ®A' A. 

Lemma (2.19). Let T be a right A-module. Let R be the set of distinguished 
right coset representatives for w' in W. Then T is induced from the right 
A' -module T' if and only if T = EB rER S ar for some right A' -submodule S of 
T with S ~ T'. 
Proof. Assume first that T ~ T' ® A' A and let ¢ be an isomorphism from 
T' ® A' A to T. By Lemma (2.16) we have T' ® A' A = EBrER ( T' ® A' al )ar so 
take S to be ¢(T' ®A' al ). 

Now assume that T = EBrER Sar • We have 

EB Sar ~ EB(S ® A' ar) ~ S ® A' (EB Aar) 
~R ~R ~R 

= S ® A' A by Lemma (2.16) 

and the lemma follows. 0 

Corollary (2.20). Let WI and US be parabolic subgroups of Wand let ~ d US 
be a double coset in W with d distinguished. Then the A I-A2 bimodule AI adA2 
is isomorphic to AI ad ® A(w\dnw2 ) A 2 · 

Proof. Let T be the set of distinguished right coset representatives for W' = 
Wid n W2 in W2. Then 

A ladA2 = Alad (EBA'al) by Lemma (2.16) 
lET 

= EBAladA'al · 
lET 

" 'd- I d £" ( Let W E W . Then W = WI lor some WI E WI' By Lemma 2.17), 
l(wld) = l(w l ) + l(d). Also, since w' E US, l(dw') = l(d) + l(w') by Lemma 
(2.17). Thus there is a corresponding relation in A. In particular, given an 
element in AladA' , say aada' , with a E AI' a' E A' , we may write it as miad 
for some a E AI' Therefore AladA' ::; Alad . Clearly Alad ::; AladA' and so 
AladA' = Alad . Hence EBIETAladA'al = EBIETAladal' Now apply Lemma 
(2.19) with S = Alad to get the result. 0 

Lemma (2.21). Let WI and W2 be parabolic subgroups of W. Let D be the 
set of distinguished WI -W2 double coset representatives in W. Let R be the set 
of distinguished right coset representatives for WI in W. For d ED, let Td be 
the set of distinguished right coset representatives for Wid n US in US. Then for 
any t E Td , we have 

(1) dtER, 
(2) l(dt) = l(d) + l(t). 
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Proof. (1) Suppose dt i. R. Then l(wldt) < l(dt) for some WI E ~ , so 
choose among all WI E WI with l(wldt) < l(dt) an element WI of minimal 
length. Write WI = W I v with W I v reduced and W I a fundamental reflection. 
Thus 

l(wldt) = l(wlvdt) < l(dt) ~ l(vdt). 

Since WI is fundamental, Theorem (1.1.5) implies that one of three cases oc-
curs: 

v'dt, where l(v') = l(v) - 1 
if the exchange takes place in v , 

vd't, where l(d') = l(d) - 1 
if the exchange takes place in d , 

vdt', where l(t') = l(t) - 1 
if the exchange takes place in t . 

The first case cannot happen since W I v is reduced. If W I v d t = v d' t , then 
d' = v-Iwlvd E Wld~ which contradicts the fact that d is distinguished. If 
wlvdt = vdt', then t' = (d-lv-IWlvd)t E (Wid n W2)t, contradicting the fact 
that t is distinguished. Therefore dt E R. 

(2) Since t E ~, this follows immediately from Lemma (2.17). 0 

Lemma (2.22). Let M be an A-A bimodule and N ~ M an A-AI bimod-
ule. Let W2 be any parabolic subgroup of W. Suppose M :::: N ® AI A. 
Then M may be decomposed into chunks that are A2 right-stable: M:::: 
LdEWI \W/1f2 , distinguished N ad A2 . 

(Note. This is also a decomposition into A2 left-stable pieces since N is a 
left A-module.) 

Proof. Let D be the set of distinguished ~ -~ double coset representatives 
in Wand let R be the set of distinguished right coset representatives for WI 
in W. Decompose W into WI-W2 double cosets: 

then 
R= U(RnWldW2). 

dED 

For a fixed d ED, let Td be the set of distinguished right coset representatives 
for Wid n W2 in W2 . Then dTd ~ R by Lemma (2.21). Also, dTd ~ ~dW2 
since Td ~ W2 . Thus dTd ~ R n WldW2 . Now let r ERn Wld~. Since 
r E WldW2 , we may write it as w ldw2 where WI E WI' w 2 E W2 , and 
l(w ldw2) = l(w l ) + l(d) + l(w2) by Proposition (1.3.2). Since r E R, r is 
distinguished in WI r = WI w ldw2 , and so l(w~lwldw2) = l(w~ I) + l(w ldw2) 
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by Proposition (1.1.2). But W;lw ldw2 = dW2 and l(dw2) = l(d) + l(w2) by 
Lemma (2.17). Combining these facts we have 

l(d) + l(w2) = l(dw2) = l(w;lwldw2) 
-I -I 

= l(wl ) + l(w ldw2) = l(wl ) + l(w l ) + l(d) + l(w2) , 

which implies that l(w l ) = O. Hence WI is the identity and r = dW2 • 

Suppose w2 ~ Td . Then l(d- Iw l dw2) < l(w2) for some d-Iwld E Wid n 
Wz. Since d- IWldw2 E Wz, we have by Lemma (2.17) that l(d(d- Iw ldw2)) = 
l(d) + l(d- Iw ldw2). Thus 

l(w ldw2) = l(d(d- Iw ldw2)) < l(d) + l(w2) = l(dw2). 

But d(d- IWldw2) = w ldw2 E Wldw2 and dW2 E R. Hence l(w ldw2) > 
l(dw2) , which gives a contradiction. Therefore r E dTd so that 

dTd = R n WI d W2 . 

Thus 
L Nar = L(Nad)at · 

rERnW1dw2 tETd 

Since ffitET)Alad)at = A l adA2 (as in the proof of Corollary (2.20)), we have 

L(Nad)at = NadA2 
tETd 

which is A2 right-stable. So 

N0A1 A= LNar = L L(Nad)at = LNadA2· 0 
rER dED 

Theorem (2.23). Let M be an A-A bimodule and N an A-A' bisubmodule of 
M such that M-:::=.N0A,A. Then ZM(A) = NW,W,(ZN(A')). 

Proof. By Proposition (2.13) we have that NW,W,(ZM(A')) ::; ZM(A). Since 
N ::; M, it follows that ZN(A') ::; ZM(A') , and hence NW,W,(ZN(A')) ::; 
NW,W,(ZM(A')) ::; ZM(A). So we must show that ZM(A) ::; NW.W,(ZN(A')). 
First we consider the case W = (w) where w is a single fundamental reflection 
and W' = {l}. Let mE ZM(A). Since M-:::=. N 0 A, A-:::=. NEB Nail" write m 
as m = no + niall' with no' n l EN. Since awm = mall' ' we get 

aw(nOa l + nlaw ) = (awnO)a l + (awnl)aw 
2 

= (noa l + nlaw)aw = noaw + nlaw 

= noa", + n l (ua l + (u - l)aw ) 

= (unl)a l + ((u - l)nl + no)au" 
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Equating terms in N gives aw no = un I. Then aw noaw = un I aw and so 
-I 

n,aw = u awnoaw ' Thus 
-, I 

m = no + u awnoaw = Nw,w,(no) E NW,W,(ZN(A)). 

Now for the general situation write N ® A' A ~ Ea rER N ar where R is the set of 
distinguished right coset representatives for W' in W. Let mE ZM(A). Write 
m = n, + LrERnfi nrar , nr EN. We will show that mE NW,W,(ZN(A' )) by 
showing that n, E ZN(A') and m = N w ,w,(n l ). 

Let W E W' be a fundamental reflection. Then aw m = maw which gives 

= awn, + L awnrar 
rER 
r;i' 

= (n, + L nrar) aw = n,aw + L nraraw ' 
rER rER 
r;i' r;i' 

Equating terms in N we get that awn, = n,aw ' Thus n, E ZN(A' ). 
Now let r E R be minimum in the sense that for all l' E R with 1(1') < I(r) 

we know that 
-/(;) 

n;a,. = u a"_lnla,.. 
Let w, w2 ... W k be a reduced expression for r with the Wi fundamental reflec-
tions. Suppose that W,W2 ·•· Wk_1 E W';, ; E R. Then w,w2 •·· Wk_ 1 = w'; 
for some w' E W' and l(w' ;) = /(w ' ) +l(;). But then r = w,w2··· wk_,wk = 
W';Wk with l(w';Wk) = I(w ' ) + l(;) + l(wk) and WI-I(w';Wk) , whose length 
is 1(;) + I(wk) , is an element in W'r. Hence, since r is distinguished in Wr, 
it must be that /(w ' ) = 0 and so w' = 1. That is, WI w 2 .•• Wk_1 = ;. Let 
Wk = (w k)' Note that ; is distinguished in W'; Wk in W. Also (W') f n Wk 
is trivial. For if w k E r' W';, then w k = r'w' ; for some w' E W' which 
would imply that r = w'; E W';, a contradiction. Letting V; = Naf+(Naf)aWk 

and V; = LdEW'\Wjltk , distinguished;d;if NadA(Wk) , Lemma (2.22) implies that 

N ® A' A = V; + V; 
is a decomposition into A(Wk)-bimodules. thus 

ZM(A(Wk)) = ZVI (A(Wk)) + Z"2(A(Wk)) 

and since m E ZM(A) , we have that nfaf + (nraf)aWk E ZVI (A(Wk))' Thus we 
may apply the result of this theorem to V; since this is just the special case of 
a single fundamental reflection whose proof was given early in the proof of this 
theorem. This gives us 
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By the minimality of r, we have 

Hence 
-I -/(f) -/(,) 

n,a, = u aWk(u af-lnla,)aWk = u a,-ln1a, 

after all. Therefore 

and the theorem is proved. 0 

Corollary (2.24). Let M be an A-A bimodule and N an A-A' bisubmodule of 
M such that M ~ N ® A' A. Then 

ZM(A) = N w w,(ZM(A')). 

Proof. By Proposition (2.13), we have N w w,(ZM(A')) $ ZM(A). Since N $ 
M,~~~ , 

N w ,w,(ZN(A)) $ NW,W,(ZM(A')). 

Theorem (2.23) then implies that 

ZM(A) = NW,W,(ZN(A')) $ N w ,w,(ZM(A')) $ ZM(A) 

and the corollary follows. 0 

Corollary (2.25). Let S be a direct summand of an A-A bimodule M = N ® A' A 
with N an A-A' bimodule. Then 

Nw w,(Zs(A')) = Zs(A). 

Proof. Write M = S EB (M - S) . Theorem (2.23) implies that 

NW,W,(ZM(A')) = ZM(A). 

From Proposition (2.13) we get 

Nw,w,(Zs(A')) $ Zs(A). 

Let s E Zs(A). Then s E ZM(A) = N w ,w,(ZM(A')). Write 

~ -/(,) s = ~ u a,_lma, 
,ER 

for some m E ZM(A') , where R is the set of distinguished right coset repre-
sentatives for W' in W. Decompose m as s + t where S E Sand t E M - S . 
Then 

~ -/(,) . ~ -/(,) s = ~ u a,_lsa, + ~ u a,_1 ta, 
'ER ,ER 
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and 

But 

Thus 

Hence 
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"'"' -/(r) • s-~u ar_,sarES. 
rER 

"'"' -/(r) ~u ar_,tarEM-S. 
rER 

s - L U-I(r) ar-,sar E S n (M - S) = {O}. 
rER 

rER 
from which the corollary is deduced. 0 

Theorem (2.26). Let WI and W2 be parabolic subgroups of W such that ~ = 
WIll' for some W E W. Let M be an A-A bimodule and N an A-AI bisub-
module of M such that M = N @A, A. Then there is an A-A2 bisubmodule N' 
of M such that 

N"v ,WI (ZN(A I)) = Nw ,W2 (Zw(A 2))· 
Proof. Let d be distinguished in the double coset W; w W2 in W. Let N' be 
the A-A2 bimodule N @A, ad' By Lemma (2.15) we have that M:::: N' @A2 A . 
Applying Theorem (2.23) gives 

Nw ,W2 (Zw(A2)) = ZM(A). 
But also we may apply Theorem (2.23) to M = N @A I A to get 

Nw ,w, (ZN(A I)) = ZM(A). 
This proves the result. 0 

Corollary (2.27). Given the same hypotheses as Theorem (2.26), we can conclude 
that 

Nw ,w, (ZM(A I)) = Nw ,u)ZM(A2))· 
Proof. Applying Corollary (2.26) to N @A, A we have 

ZM(A) = NW,W,(ZM(A I))· 
From the proof of Theorem (2.26) we know that M:::: (N@A, ad) @A2 A where 
d E WI W W2 is distinguished. Applying Corollary (2.24) again gives 

ZM(A) = Nw ,W2 (ZM(A2))· 0 

Lemma (2.28). Let WI and W2 be parabolic subgroups of Wand let D be the 
set of distinguished WI-W2 double coset representatives in W. Then 

A = E9 A l adA2· 
dED 

Proof. This follows immediately from the decomposition W = LJdED WI d W2 . 
o 
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Theorem (2.29) (Mackey decomposition). Let ~ and W2 be parabolic sub-
groups oj Wand let D be the set oj distinguished ~-W; double coset repre-
sentatives in W. Also, let N be an A-AI bimodule. Then 

N ® Al A:::::: EB((N ® Al ad) ® A(wldnw2) A2)· 
dED 

ProoJ. From Lemma (2.28) we have A = EBdEDAladA2. By Corollary (2.20), 
A l adA2 :::::: Alad ®A(WldnW2) A2 . Thus 

and hence 

A :::::: EB(A I ad ® A(W;dnW2) A2) , 
dED 

N ® Al A :::::: N ® Al (EB Alad ® A(wldnw2) A2) 
dED 

:::::: EB ((N ® Al AI ad) ® A(wldnw2) A2) 
dED 

::::::EB ((N®AI ad)®A(WldnW2)A2) . 0 
dED 

Theorem (2.30). Let ~ and W2 be parabolic subgroups oj W. Let R be the 
set oj distinguished right coset representatives Jor WI in W. Let D be the set 
oj distinguished WI-W2 double coset representatives in W. For d ED, let Td 
be the set oj distinguished right coset representatives Jor Wid n W; in W2 . Let 
M be an A-A bimodule and let bE ZM(A I ). Then 

fi d -/(d) b d (1) or ED, u ad- I ad E ZM(A(~ n W2)). 
b " -/(d) b (2) N w ~ ( ) = L-dED N w wdnw (u ad- I ad)· , I 2, I 2 

Proof. (1) Let W E ~d n W; be a fundamental reflection. Then W = d- I wid 
for some WI E ~. In other words, dw = wid and I(d) + I(w) = I(dw) = 
I(wld) = I(w l ) + I(d) by Lemma (2.17). Thus I(w l ) = 1 and so WI is funda-
mental. Hence, 

-I -I -I -I 
I(d WI) = I((d WI) ) = I(wl d) 

= I(wld) = I(w l ) + I(d) = I(w l ) + I(d- I ). 

Similarly, I(wd-I) = I(w) + I(d- I ). Therefore 

(ad-Ibad)aw = ad-Ibadw = ad-Ibawld 

= ad-Ibawlad = ad-Iawlbad 

= ad-Iwlbad = awd-Ibad = aw(ad-Ibad)· 
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(2) Let dE D and t E Td . By Lemma (2.21), dt E Rand l(dt) = l(d)+l(t). 
Thus 

~ -I(r) b 
= L u ar- I ar 

rER 
since 2: IWldW21 = IWI 

dED 
d and IWldWzl = IWII' [W2 : WI n W2] 

= N w w (b). 0 
, I 

Corollary (2.31). Let M be an A-algebra (i.e., the action on M arises from 
an R-algebra homomorphism A -+ M). Let WI' Wz and D be as in Theorem 
(2.30), Then 

N w ,WI (ZM(A I )) . N w ,Hi (ZM(A 2 )) :S: 2: N w ,H/nHi (ZM(A( Wid n W2)))· 
dED 

Proof. Let m l E ZM(A I ) and m 2 E ZM(A2 ). Then 

Nw ,WI (m l ) • Nw ,Hi (m 2) 

= NW,Hi(Nw,wI(ml)m2) by Proposition (2.13) 

= Nw,w, (2: NH~ ,H/nw'(U -I(d) ad - I m lad )m2) 
dED 

by Theorem (2.30) 

= N w W (~ N w wdnw (u-l(d)ad_Imlad' m2)) since m2 E ZM(A2 ) 
,2 L 2, I 2 

dED 
~ -I(d) = L Nw,H/nHi(U ad-Imlad · m2) by Lemma (2.12) 
dED 

which proves the corollary since u-l(d)ad_Imlad' m2 E ZI1(A(Wld n W2 )). 0 

Proposition (2.32). Let WI and W2 be parabolic subgroups of W. Let W be 
a parabolic subgroup of W contained in WI x W2 so that W = WI X W2 for 
some parabolic subgroups WI of WI and W2 of W2 , Let W E W, Then 

N WI x Hi ,11 (a,i,) = N WI ,11'1 (a'i'l) . N Hi ,Hi (a'i') , 

where til = WIUl2 with WI E WI ,w2 E W2 , and of course l(uJ lw2 ) = 1(1iJ I ) + 
l(ul2 ) . 
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Proof. Clearly we may factor 'Ii! as described in the statement of the proposi-
tion. Thus 

NWIXW2,W(aU') = NWIXW2,WIXW2(aWI'liJ) 

= NWIXW2,WIXW2(NwIXW2,WIXW2(aWIW)) by Lemma (2.12) 
= NW2 ,ifl (Nwi ,WI (aWIUI)) 

= NW2 ,w2 (Nwi ,it'l (auI)au) 

= NWI ,WI (aUII )' NW2 ,w2 (aUI2 )' 0 

Definition (2.33). A right A-module M is A' -projective if every exact diagram 
of right A-modules and maps which can be completed to a commutative dia-
gram over A' can also be completed to a commutative diagram over A: 

Theorem (2.34) ("Higman's Criterion" for A-modules). Let M be a right A-
module. Then the following are equivalent: 

( 1) M is A' -projective. 
(2) M I M®A' A; that is, M is isomorphic to a direct summand of M® A,A. 
(3) M I U ® A' A for some right A'-module U. 
(4) Mw ,u.·,(HomA,(M, M)) = HomA(M, M). 

Proof. (1) => (2) Let f: M ® A' A --> M be defined as f(m ® a) = ma. This is 
surjective and we can complete the following diagram to make it a commutative 
A' -diagram: 

~M 
" ,," 11M 

;.. 
M®A,A --+-M~O 

f 

So by (1) this can be completed to a commutative diagram over A, say bye. 
Thus fe = 1 M and M I M ® A' A . 

(2) => (3) This is obvious. 
(3) => (4) Define g: U ®A' A --> U ®A' A by 

(L ui ® ai ) g = ut ® at; 
.fER 

R = set of distinguished right coset 
representatives for Wi in W. 
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Then for a' E A' , 

so that g is an A' -map. 
Let v = EiER ui ® ai E V ® A' A. Then 

( I:ui®ai) Nw,w,(g) = (I:ui®ai ) (I:u-/(r)ar_lgar) 
IER IER rER 

= I:(ur ® al)ar = I:(u, ® ar) = v 
rER rER 

so that Nw,w,(g) = 1U®A,A =identity on V ®A' A. 
Let h be the projection of V ® A' A onto M. Clearly h is an A-map. Thus 

the restriction of gh to M, denoted gh 1M , is an element of HomA,(M, M). 
Then for m EM, 

and so 
1M = Nw,w,(gh 1M ) E Nw,w' (HomA, (M ,M)) 

which implies (4). 
(4)=>(1) There exists", E HomA,(M,M) such that N w w'("') = 1M , As-

sume the following exact diagram of right A-modules can be completed by () 
to a commutative diagram over A': 

Then 

M 
", () / 1 

)c/ 
V -+V-+O 

f 

N w ,w,(",(})f = N w ,w,(",(}f) = N w ,w,(",g) = N w ,w,(",)g = g. 

Since Nw w'("'(}) is an A-map by Proposition (2.13), (1) follows and this 
completes the proof of the theorem. 0 

Remark. Theorem (2.34) also holds on either side of an A-A bimodule M. 

Theorem (2.35). Let Z be a finitely generated indecomposable right A-module. 
Then there exists a parabolic subgroup W' of W unique up to conjugation 
such that Z is A' -projective and such that W' is W -conjugate to a parabolic 
subgroup of any parabolic subgroup w" of W for which Z is A" -projective. 
Proof. Let V(Z) be the set of all subgroups W of W for which Z is A(W)-
projective. Let W' be a minimal element of V(Z) with respect to the partial 
order containment. Let W" be any element of V(Z). Write Z = E9:=1 Vi 
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with each Vj an indecomposable right A' -module. Then ZIZ ® A' A 
= 61:= I (Vj ® A' A) and Z 1 Vj ® A' A for some i by the Krull-Schmidt Theorem 
[9] (with suitable hypotheses on R). We also have that ZIZ ®AII A. Theorem 
(2.29) implies that 

Z ® A" A = Ei1((Z ® A" ad) ® A((w")dnw') A'), 
dED 

where D is the set of distinguished W" -Wi double coset representatives in 
W. Thus ZI(Z ®AII ad) ®A((WII)dnWI) A' for some d and so 

Vj 1 (Z ® A" ad) ® A((w")dnw') A' 

for this d. Then Vj ® A' A 1 (Z ® A" ad) ® A((w")dnw') A, and hence 

ZI(Z ® A" ad) ® A((w")dnw') A. 

That is, Z is A((W")d n W')-projective. But Wi is minimal, so Wi ~ (W")d . 
( ')d-I " . Thus W ~ W ,whlch proves the theorem. 0 

3. A BASIS FOR Z(A(Sn)) OVER Q[U, u- I ] 

Recall from § 1 that Sn is the Weyl group for SL (n, q) and that Sn is gen-
erated by the set {(12), (23), ... ,(n - 1 n)} of fundamental reflections. In 
this section we obtain a basis for the center of A(Sn) over Q[u,u- I ]. This 
basis consists of relative norms of elements in certain parabolic subgroups of 
Sn' normed up from these subgroups to Sn' A particular element in A(Sn) of 
special importance to this construction is given in the following definition. 

Definition (3.1). The element Yf in A(Sn) is defined as 

with Sn_1 = ((12),(23), ... ,(n-2n-1)). 

Note. For r ~ n - 2, Sn_r will mean ((12), (23), ... ,(n - r - 1 n - r)), unless 
otherwise noted. 

Lemma (3.2). Yf E Z(A(Sn))' 

Proof. For n = 2 this is clearly true. Proceed by induction. By Proposition 
(3.13) we have immediately that Yf E ZA(S)A(Sn_I)) ' so to prove this lemma, 
it will be enough to show that 

(3.3) 

To do this, we will examine in further detail the element Yf. Let 

a. - N (a ) - S.-2,SI (12)(23)···(n-2 n-I) • 
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Then 

n - N (N (a )) by Lemma (2.12) ./ - Sn-I,Sn-2 Sn-2,SI (12)(23)···(n-1 n) , 

= N (aa ), since a(n_1 n) E ZA(Sn)(A(Sn-2)) Sn-I,Sn-2 (n-In) 

-aN (a ) by induction, aEZ(A(Sn_I)) - Sn-I,Sn-2 (n-In) ' 

= N (a )a , by Proposition (2.13), Sn-l,sn--2 (n-I n) 

Hence, (3.3) holds if and only if 

(3.4) a aN (a ) = N (a )aa • (n-In) Sn-I,Sn-2 (n-In) Sn-I,Sn-2 (n-In) (n-In) 

From Theorem (2.30), part (2), with W = Sn_1 and ~ = Wz = Sn_2' we 
have that 

-I 
N Sn _ 1 ,Sn-2 (a(n_1 n») = a(n_1 n) + U N Sn _2 ,Sn-3 (a(n-2 n-I)(n-I n)(n-2 n-I») • 

Replacing N Sn _ I ,Sn_2(a(n-In») with this expression in equation (3.4), we get a 
common term of a(n_1 n)aa(n_1 n) on both sides of the equation. Thus, by 
subtracting this common term and multiplying both sides by u, we have that 
(3.4) holds if and only if 

(3.5) a(n_1 n)aNSn _ 2 ,Sn-3 (a(n-2 n-I )(n-I n)(n-2 n-I) 

= N Sn _2 ,Sn_3(a(n-2n-l)(n-1 n)(n-2n-I»)aa(n-1 n)· 

Rewriting a(n-2 n-I )(n-I n)(n-2 n-I) as a(n_1 n)(n-2 n-I)(n-I n) using the relations 
in Sn and recalling that a(n_1 n) E ZA(S./A(Sn_2)) gives us that equation (3.5) 
is true if and only if 

(3.6) a(n_1 n)aa(n_1 n)NSn _2 ,Sn-3 (a(n-2 n-I»)a(n-I n) 

= a(n_1 n)NSn _ 2 ,Sn-3 (a(n-2 n-I»)a(n-I n)aa(n_1 n) • 

Now using Lemma (2.12) and the fact that a(n-2n-l) E ZA(Sn_Il(A(Sn-3)) ' 

rewrite a as 

N (N (a )a). Sn-2,Sn-3 Sn-3,SI (12)(23)···(n-3 n-2) (n-2 n-I) 

By induction, N Sn _ 3 ,SI (a( 12)(23) ... (n-3 n-2») E Z (A(Sn_2)) , and so 

a = N Sn _3 ,SI (a( 12)(23) ... (n-3 n-2) • N Sn _ 2 ,Sn-3 (a(n_2 n-I») • 

This expression for a allows us to rewrite the left-hand side of equation (3.6) 
as 

(3.7) a(n_1 n)NSn _ 3 ,SI (a( 12)(23) .. ·(n-3 n-2») 

• N Sn _ 2 ,Sn-3 (a(n_2 n-I»)a(n-I n) 

• N Sn _2 ,Sn-3 (a(n_2 n-I »)a(n_1 n) . 
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But N Sn _J ,SI (a(12)(23) ... (n-3n-2)) E A(Sn_2) and by Proposition (2.13), 

N Sn _z ,Sn-J (a(n_2 n-I)) E ZA(Sn_d (A(Sn_2))' 
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Thus, recalling once again that a(n_1 n) E ZA(sjA(Sn_2)) ' (3.7) may be rear-
ranged to get 

a(n_1 n)NSn _z ,Sn-J (a(n-2n-I))a(n_1 n) 

. N Sn _J ,SI (a( 12)(23)···(n-3 n-2))NSn _z ,Sn-J (a(n-2 n-I))a(n_1 n) 

= a(n_1 n)NSn _z ,Sn-J (a(n_2 n-I))a(n-I n)aa(n_1 n) 

which is the right-hand side of equations (3.6), and the lemma is proved. 0 

Remark. We would like to be able to define t7 as N Sn ,«(l2 ... n) (a(12)(23)"'(n-1 n)) to 
avoid the need for Lemma (3.2), but this is not permitted under our definition 
if the norm since (( 12 ... n)) is not a parabolic subgroup of S n' N everthe-
less, (( 12 ... n)) is, in some sense, close to being a parabolic subgroup. Since 
Sn = ((12 .. · n))Sn_I' we see that ((12· .. n)) is like the difference of the two 
parabolic subgroups Sn and Sn_1 . Because of this, one might label ((12··· n)) 
a virtual parabolic subgroup. 

It will prove convenient to have various representations for the element t7. 
In the next lemma we give some useful forms of t7. 

Lemma (3.8). The following are equal: 

(1) t7; 
(2) N Sn _ , ,Sn-Z (NSn _z ,SI (a( 12)(23)··.(n-2 n-I))a(n-I n)) ; 

(3) N Sn _z ,SI (a( 12)(23).·.(n-2 n-I))NSn _, ,Sn-Z (a(n_1 n)) ; 

(4) a(12)NSz ,S, (a(23))NsJ ,Sz (a(34) ... N Sn _ , ,Sn-Z (a(n_1 n)) ; 

(5) ( -1)( -I -2) ( -I 
a(12) a(23)+u a(13) a(34)+u a(24)+u a(14)'" a(n_1 n)+U a(n-2n)+ 

-(n-2) ) ... + u a(ln) . 

Proof. Using Lemma (2.12) and the fact that a(n_In) E ZA(sjA(Sn_2)), (2) 
can be derived from (1). Lemma (3.2) implies that N Sn _z ,S, (a( 12)(23) ... (n-2 n-I)) E 
Z(A(Sn_I)) so that (3) equals (2). Number (4) follows from (3) by induction, 
and (5) is just an expansion of (4). 0 

Remark. Adopting the convention that So = SI =identity subgroup, represen-
tation (4) in Lemma (3.8) may be written as 

(3.9) 
n-I 

II NSi ,Si-I (au i+I))' 
i=1 

By Proposition (2.13), N s . S (a(. '+1)) E ZA(S' )(A(S)). This implies that each 
I, ;-1 II 1+1 I 

factor in (3.9) commutes with every other factor in (3.9). Thus, 

t7 = N (a )N (a ) ... N (a )a . Sn-I,Sn-2 (n-In) Sn-2,Sn-J (n-2n-l) SZ,SI (23) (12) 
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Then an easy induction argument can be used to deduce that 

NSn _1 ,S,,-2 (a(n_1 n))NSn _2 ,Sn-3 (a(n_2 n-I)) ... NS2 ,SI (a(23))a(12) 
= NSn _1 ,SI (a(n_1 n)(n-2n-I) ... (23)(12))· 

Hence, 11 = NSn _1 ,SI (a(n_1 n)(n-2n-I) ... (23)(12)· This representation of 11 will be 
used to prove a more general statement about 11 in Lemma (3.16). 

The following lemma, although trivial, contains observations which are help-
ful in giving clarity to later results. 

Lemma (3.10). Let a E Sn be an n-cyc/e. Then 
( 1) each reduced expression Jor a must involve all oj the Jundamental re-

flections oj S n ' 
(2) I(a) ~ n - 1, 
(3) if I(a) = n-1, each reduced expressionJor a involves each Jundamental 

reflection oj S n exactly once, 
( 4) if I (a) = n - 1, there is only one reduced expression Jor a up to rear-

rangement oj the commuting Jundamental reflections in a. 

Proof. If a reduced expression for a is missing a fundamental reflection of 
Sn' then a, an n-cycle, would be living inside a parabolic subgroup of Sn. 
This is impossible since proper parabolic subgroups of Sn are direct products 
of symmetric groups Si where i < n. This proves (1). Parts (2) and (3) follow 
easily from (1), and the fact that Sn = ((12), (23), ... , (n - 1 n)). Part (4) is 
an immediate consequence of (3). 
Lemma (3.11). Let a E sn with I(a) = n -1. Suppose that a reduced expression 
Jor a involves every Jundamental reflection oj Sn exactly once. Then a is an 
n-cycle. 
ProoJ. Assume without loss of generality that the fundamental reflection 
(n - 1 n) appears to the right of (n - 2 n - 1) in the reduced expression for a. 
Since (n - 1 n) commutes with every other fundamental reflection of Sn' we 
may write 

a = a' (n - 1 n) 
with a' ESn _ 1 = ((12),(23), ... ,(n-2n-1)), a' reduced, I(a') = n-2 and 
a' involving every fundamental reflection of Sn_1 exactly once. By induction, 
a' is an (n - 1 )-cycle. Write 

Then 

is an n-cycle. 0 

a' = (7r ... n - 1 ... 7r ) . 
I n-I 

a = (7r 1 ···n -l···7rn_ I)(n - 1 n) 
=(7r I ···n-1n···7rn_ l ) 

Remark. Although there are redundancies in the hypotheses of Lemma (3.11), 
we have stated it this way for clarity. 
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Definition (3.12). A partition of n is a finite sequence of positive integers Q = 
(kl ' k2 ' ... , kt ) such that 

(1) kj ~ kj +1 for all i, 
(2) "£j kj = n . 

The fact that Q is a partition of n is abbreviated Q f- n . 
If 1C E Sn' then the ordered lengths of the cyclic factors of 1C in cycle no-

tation form a uniquely determined partition of n. Since cycle structure in Sn 
uniquely determines conjugacy class, we have a one-to-one correspondence, in 
a natural way, between partitions of n and conjugacy classes of Sn' 

Lemma (3.13). Every conjugacy class in Sn' with the exception of the class of 
n-cycles, contains an element of length less than n - 1 . 
Proof. Let Q f- n with Q = (k l , k2 , •• , , kt ), t > 1, so that Q corresponds 
to a conjugacy class Co of Sn other than the class of n-cycles. Consider the 
element 

1C = (12)(23)··· (k l - I kl)(kl + I kl + 2)(kl + 2 kl + 3) 
... (k l + k2 - I kl + k2) 
·.·(kl +k2+···+kt_ 1 + Ikl +k2+···+kt_ 1 +2) 
... (k l + k2 + ... + kt - I kl + k2 + ... + kt ) 

= (123···kl )(kl + Ikl +2···kl +k2) 
... (k l + k2 + ... kt _ 1 + I··· kl + k2 + ... + kt ), 

where the convention is that (rr) is the identity. Clearly 1C E Cn and 1(1C) = 
"£:=I(kj - I) = "£:=1 k j - t = n - t < n - I. The lemma follows from Lemma 
(3.10), part (2). 0 

Notes. (I) When we sayan element at in A(Sn) contains or involves a particu-
lar fundamental reflection, we mean that any reduced expression for y contains 
or involves that particular fundamental reflection in Sn' 

(2) Given a), E A(Sn)' the length of at' denoted l(a), will mean the length 
of y, l(y). 

(3) Let Q E A(Sn) . Then Q may be written as 

Q = L !;/,(u)aw with J;)u) E Q[u, U -I]. 

By a term of Q we mean J;/l(u)all' for some WE Sn ' with J;1'(u) =I- O. 
Lemma (3.14). Every term of 17 contains each of the fundamental reflections 
(12),(23), ... ,(n-In). 
Proof. Appealing to Lemma (3.8), part (3), and expanding we have 

17 = N Sn _2 .SI (a(12)(23) ... (n-2n-I))Nsn _ 1 ,Sn_2(a(n-1 n)) 

n-I 
'""" -(/((n-t n))-I)j2 

= NSn _2 ,SI (a(12)(23)"'(n-2n-I)) ~ u a(n-tn)' 
t=1 
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By induction, every term of NSn _z,S,(a(12)(23) ... (n-2n-l») contains each of the 
fundamental reflections (12),(23), ... ,(n - 2n - 1). Let ay be an arbi-
trary term of NSn_z,s, (a(12)(23) ... (n-2n-l)' disregarding the coefficient. Let. = 
(n-ln)(n-2n-l)···(n-tn-t+l) for a fixed t with 1 :=;t:=;n-l. Then 

Each of the terms f;. (u)aA, f;. (u) f=. 0, of the product 

aya(n_t n-t+l)(n-t+l n-t+2)···(n-2 n-l) 

is such that A. E Sn_l with A. involving all of the fundamental reflections of 
Sn-l with the possible exception of (n - t n - t + 1), (n - t + 1 n - t + 2) , ... , 
(n - 2 n - 1). But • contains these possible deficiencies in addition to (n - 1 n) , 
and since • is a distinguished right coset representative for Sn-l in Sn' we 
have by Proposition (1.1.2) that aAar = aAr so that every term in aya(n_ln) 
contains each of the fundamental reflections (12),(23), ... ,(n - In). The 
lemma follows. 0 

Corollary (3.15). Let fy(u)a y be an arbitrary term in 11 with fy(u) f=. O. Then 
I(y) ~ n - 1 . 

Proof. Since there are n - 1 fundamental reflections of Sn' the corollary is an 
immediate consequence of Lemma (3.14). 0 

Lemma (3.16). Let. E Sn be an n-cyc/e with 1(.) = n - 1. Then 

NSn _, ,S, (ar ) = 11· 
Proof. By Lemma (3.10), part (3), a reduced expression for. involves every 
fundamental reflection of Sn exactly once. Assume first that (n - 1 n) occurs 
to the right of (n - 2 n - 1) in a reduced expression for •. Since (n - 1 n) 
commutes with every other fundamental reflection of Sn ' we may write 

.=r'(n-ln), 

where .' is reduced, 1 ( r') = n - 2 and .' involves each of the fundamental re-
flections (12), (23), ... , (n -2 n -1) exactly once. Thus Lemma (3.11) implies 
that .' is an (n - 1 )-cycle. Therefore 

Since this lemma is trivial for n = 2, by induction we have NSn _z ,S, (art) = 
NSn _z ,S, (a(12)(23)"'(n-2 n-l»)' Hence 

N (a ) = N (N (a )a) Sn-' ,S, r Sn-' ,Sn-2 Sn-2,S, (12)(23) .. ·(n-2 n-l) (n-l n) 
= 11 by Lemma (3.8). 
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Now assume that (n - 1 n) occurs to the left of (n - 2 n - 1) in a reduced 
expression for •. Following the same line of reasoning as above, we may write 

• = (n - 1 n).' , 

where r' is reduced, l(t') = n - 2 and .' involves each of the fundamental 
reflections (12), (23) , ... , (n - 2 n - 1) exactly once. As before, Lemma (3.11) 
implies .' is an (n - 1 )-cycle and we have 

By induction we have 

Thus 

NSn _ 1 ,SI (a r ) = NSn _ 1 ,Sn-2 (a(n_l n)NSn _ 2 ,SI (a(n_2 n-l).,,(12)) 

= NSn _ 1 ,Sn-2 (NSn _ 2 ,SI (a(n-l n)(n-2 n-l)".{12) 

= NSn _ 1 ,SI (a(n-l n)(n-2n-l)".(23)(12) 

=1'/ 

by the remark following Lemma (3.8). 0 

Lemma (3.17). Let fy(u)a y be a term of 1'/ with fy(u) =I- o. Suppose l(y) = 
n - 1. Then y is an n-cyc/e. 

Proof. In taking the norm of a(12)(23)"'{n-l n) to get 1'/, the lengths for the right 
multiplications add by Proposition (1.1.2). Hence, the only way to get back 
down to an element a,/, with l(y) = n - 1, is to have every fundamental 
reflection coming from the corresponding element being multiplied on the left 
reduce the length. That is, y must be of the form r- 1(12)(23)'''(n - 1n)r 
which is of course an n-cycle. 0 

Lemma (3.18). Let n E Sn be an n-cyc/e with l(n) = n - 1. Then an occurs 
with coefficient one in the complete expansion of 1'/ . 

Proof. Lemma (3.10), part (3), implies that (n - 1 n) occurs in any reduced 
expression for n. Assume that (n - 1 n) occurs to the right of (n - 2 n - 1) in 
a reduced expression for n. So we may write 

n = n'(n -1 n), 

where n' is reduced, l(n' ) = n - 2 and n' involves each of the fundamental 
reflections (12),(23), ... ,(n-2n-l) exactly once. Hence, by Lemma (3.11), 
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, . 
7C IS an (n - I)-cycle. Then using Lemmas (3.8) and (3.16), we get 

Yf = N (N (a I)a ) Sn-I,Sn-2 Sn-2,SI rc (n-I n) 

= NSn _ 1 ,Sn-2 (NSn _ 2 ,SI (a(12)(23)"'(n-2 n_I))a(n_1 n)) 

= NSn _ 2 ,SI (a( 12)(23)···(n-2 n-I))NSn _ 1 ,Sn-2 (a(n_1 n)) 
n-I 

N ( ) '"' -(l((tn))-I)J2 
= Sn-2,SI a(12)(23)"'(n-2 n-I) ~ u a(tn) . 

t=1 

From this we see that to get the term arc there must be some y E Sn_1 such 
that 

y(kn) = 7C = 7C'(n - 1 n) for some 1 ::; k::; n - 1. 
This implies that 

-I , 
(kn)(n-In)=y 7C ESn_ 1 

which is a contradiction unless k = n - 1. Thus y = 7C'. This lemma holds 
obviously for n = 2 and so we assume by induction that arc' occurs with 
coefficient one in NSn _ 2 ,SI (a( 12)(23) ... (n-2 n-I))' This forces the coefficient of an 
to be one in Yf. The case when (n - 1 n) occurs to the left of (n - 2 n - 1) in 
a reduced expression for 7C is handled in a similar manner. 0 

Notation. Let a E A(Sn)' We will write a lu=1 to mean the image of a in the 
specialization of A(Sn) at u = 1. We say that a is specialized at u = 1. 

Lemma (3.19). Utilizing the fact that A(Sn) IU=1 ~ QSn' we have that Yflu=1 
equals the sum of the n-cycles in QSn' making the natural identification of aw 
in A(Sn) with w in Sn' 
Proof. Since Yf lu=IE Z(QSn)' it may be written as a Q-linear combination of 
conjugacy class sums for Sn' Using Lemma (3.13) and Corollary (3.15) we 
conclude that Yf lu=1 must be a Q-multiple of the single class sum of n-cycles. 
By Lemma (3.18), this multiple is one and the lemma is proved. 0 

Remark. Lemma (3.19) follows easily from the observation that 

Yf lu=1 = NSn _ 1 ,SI (a(12)(23)"'(n-1 n)) lu=1 

= NSn _ 1 ,SI (( 12)(23)··· (n - 1 n)), 

which is the class sum of n-cycles in Sn' The proof given above is more 
consistent with the general methods of proof given for other results in this 
section. 

Definition (3.20). For each partition a = (kl ' k2 ' ... , k t ) of n (recall kl ~ 
k2 ~ ... ~ k/), we say a parabolic subgroup P, •. s of Sn corresponds to a if 

P s=Sk xSk x· .. xSk , 
(t'. 1 2 t 

where s is a numeric subscript used to distinguish among the different parabolic 
subgroups of Sn having the shape of a. For example, for n = 5, P,.,I = 
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(( 12») x ((34») xS) and ~. ,2 = ((23») x (( 45») xS) both have shape 0: = (2,2, I) . 
In some sense there is a natural representative parabolic subgroup to choose 
from among all parabolic subgroups having shape 0:, namely, 

SkI x Sk2 X ... X Ski 

with 

SkI = ((12), (23), ... ,(k) - I k)), 
Sk2 = ((k) + I k) + 2) ,(k) + 2 k) + 3) , ... ,(k) + k2 - I k) + k2») 

and so on. We will let ~. ,) be this particular left-justified choice and denote it 
simply as ~" deleting the subscript s. 
Definition (3.21). Let P be a parabolic subgroup of S corresponding to a (}: ,5 n 
partition 0: = (k) ,k2 ' ... ,kt ) of n as in Definition (3.20). Define 

t 

tI",s = II NSk _ 1 ,SI (aw') , 
I i=l 

t 

(, = 2)ki - I), 
i=l 

where s is as it was in Definition (3.20), and where w is a k.-cycle in Sk of 
I I , 

length k. - I and Ns S (a , ) = a 1 if k. = I . Also, tI = tI I' 
I k,-l' I 11 fin: (X, 

Remarks. (I) For 0: = (n), there is of course only one Pa,s' namely P" = Sn' 
So then tI = tI = tI . u,S H 

(2) If a fundamental reflection appears in one of the norm factors of tI",s it 
will not appear in any other factor. This implies that these factors commute 
with each other and the lengths add in the multiplications. 

Lemma (3.22). Let 0:, P E A(Sn)' Then 
(I) (0: + P)lu=1 = o:lu=1 + Plu=l' 
(2) (o:P)IU=1 = o:lu=1 . Plu=l ' 

Proof. (I) This is clear. 
(2) In view of (I), we only need to consider the trivial case 0: = f(u)a w' 

P = g(u)all" , where w, w' E Sn . Then 

o:Plu=1 = f(u)g(u)a/ua ll " 111=1 
= f(u)g(u)(u" aww' + (u - 1)( possible other terms»lu=1 

= f(l)g(l)all'w' = f(l)awg(l)aw ' = o:lu=1 . Plu=l' 0 

Lemma (3.23). Let O:,~.,s' tin,s and (. be as in Definition (3.21). Then 
(I) tin,s involves only terms of length I" and longer, 
(2) the coefficient on all terms corresponding to elements in the class of 0: of 

length I is one, n 

(3) tin,s E Z(A(P,.». 



388 L. K. JONES 

(4) 17,,)U=1 = I1~=1 (sum of the ki-cycles in Sk)' 
(5) Let fy(u)a" fy(u) =f. 0, be a term of 17o;,s with I(y) = 10;' Then y E 

C" n ~"s (consequently, fy(u) = 1 by part (2) of this lemma). 
Proof. (1) This follows from Corollary (3.15), Lemma (3.16), and Remark (2) 
following Definition (3.21). 

(2) This follows from Lemma (3.16), Lemma (3.18), and Remark (2) follow-
ing Definition (3.21). 

(3) This follows from Lemma (3.2) and Remark (2) following Definition 
(3.21). 

(4) This follows from Lemma (3.19) and Lemma (3.22). 
(5) This follows from Lemma (3.17) and Remark (2) following Definition 

(3.21). 0 

Remarks. (1) We may restate part (4) of Lemma (3.23) as follows: Let Co; be 
the conjugacy class in Sn corresponding to a. Then 

17,,)U=1 = the sum of the elements in Co; n Po;,s' 

(2) If we write 17",s = L:wEP, .. s fw(u)aw with fw(u) E Q[u, u- 1], part (4) 
implies fw(l) = 0 or I. 

Definition (3.24). Let a, ~"s' and 17",s be as in Definition (3.21). Define 
b = N (17). a ,5 Sn ,Pr~ ,s Q ,s 

Also, 
ba. = NSn ,P" (17). 

Lemma (3.25). The element ba. ,s contains only terms of length (, and longer. 
Proof. In taking the norm of 170; ,s' lengths for right multiplications add by 
Proposition (1.1.2). The left multiplictions can only reduce the length by, at 
most, the same length as it had been increased by the right multiplications. 
Thus the result follows from Corollary (3.15). 0 

Lemma (3.26). The element ba.,s is in Z(A). 
Proof. This is immediate from Lemma (3.23), part (3) and Proposition (2.13). 
o 

Lemma (3.27). Let fy(u)a, be a term of bo;,s with fy(u) =f. O. Suppose I(y) = 
I . Then y E C . 
(t (k 

Proof. In view of Lemma (3.23), part (5), we can use the same argument on a 
term ay of 17" ,s with I (y) = I" in taking the norm of 170; ,s to get b 0; ,s ' as was 
used in Lemma (3.17), to get this result. 0 

Corollary (3.28). Let fy(u)a, be a term of ba.,s with I(y) = Ia.' Then fy(u) is 
a positive integer. 
Proof. From Lemma (3.27) and the technique in its proof, y E C" and ay 
must be realized as ar - 1rr where r is a distinguished right coset representative 
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for P" ,s in Sn' r E C" n~, ,s with l( r) = 10; and ar is a term of '10; ,s having 
coefficient one. Thus, in taking the norm we get the product 

-/(r) 
U ar-Iarar = ay + other terms of longer length 

and the corollary follows. 0 

Proposition (3.29). Let Co; be the conjugacy class of Sn corresponding to a and 
let ~ denote the sum of the elements in Ca.' Then 

b I = [N (P ). P ]C II ,s U= I Sn Q ,5· a,S -Q • 

Proof. Let f;(u)ay be a term of '1u ,s with f;(l) to so that y E Co; npo;,s by 
Remark (1) following Lemma (3.23). Let T be the set of distinguished right 
coset representatives for P in Sn' Then for rET, we have 

l.t ,5 

ar-If;(u)a;ar = f;(u)ar-I;r + f;(u)(u - l)(other terms) 

so that only terms like ar- I yr will survive in the specialization of b o;,s ; that is, 
only terms corresponding to conjugates of y. From Lemma (3.26) we conclude 
that b",slu=1 is some multiple of C". To determine the exact multiple, we 
will determine the coefficient on ay in b",slu=I' If r E NSn(P,,) nT, then by 
Lemma (3.22), part (2), and Lemma (3.23), part (4), we have that ar- I'1",sa,IU=1 
contains exactly one a.,. On the other hand, if for A E C n P and rET 

f Q a,S 

we have r -I Ar = y , then w -I r -I Arw = w -I yw = A for some w E P . Thus 0; ,s 

rw E CSn (A). Rewrite P" ,s as S~I x S';2 x ... x S:;;= where Sm; 'I- Sm; for 
i t j. Then write A as I1;=1 I1;'~1 Ai,j where Ai,j is an mj-cycle of length 
m . - 1 inside one of the S factors of P . Thus J mJ U,S 

z Vj 

Cs (A) = Sf x IIII(A i ) X So x S'lo x··· X StI_ n ,J I _ _ 

j=1 i=1 
<SxP xS xS x .. ·xS - t (t,S 'Ill ·U2 '11= 

-
= NSII(~')' where t = n - Lvimi . 

i=1 
Therefore, rw E NSn(~') and since obviously w E NsJ~,), it follows that 
r E NSn(~')' Hence, the coefficient on a,/ in b,,)U=1 is INsJ~,) n TI = 
[NsJ~,) : P,,) and the proposition is proved. 0 

Corollary (3.30). The positive integer coefficient that occurs in Corollary (3.28) 
is [NsJ~,): ~,). 
Proof. This is immediate from Corollary (3.28) and Proposition (3.29). 0 

Remark. Since [NSn(~') : ~,) = [NSn(~,) : ~,], the positive integer coeffi-
cient in Corollary (3.28) is independent of s. 
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Definition (3.31). Define B to be the set {bal 0: f- n}, and Blu=1 to be the set 
{ bu I U= 1 I 0: f- n} . 

Corollary (3.32). The set Blu=1 is a basis for Z(QSn) over Q. 
Proof. Immediate from Proposition (3.29). 0 

Remark. Lemma (3.25) and Lemma (3.27) imply that the elements of Bean 
be put into a triangular form with respect to the lengths of the terms involved 
in the elements of B. This fact is crucial to the proof of the following main 
theorem. 

Theorem (3.33). The set B isabasisfor Z(A(Sn)) over Q[u,u- I ]. 

Proof. Suppose there is a relation L.urn J,.(u)ba = 0 with fa(u) E Q[u, u- I] 
and not all f)u) equal to zero. If f) 1) = 0 for all fa(u) -:j:. 0, then u - 1 is 
a factor of each 1;,(u) -:j:. 0 and we may cancel it. Thus we may assume that 
1;, ( 1) -:j:. 0 for some 0:. But then 

0= (L:fu(U)bu) I = L: f a(l)balu=1 
urn u=1 arn 

contradicts Corollary (3.32). Hence, B is a linearly independent set over 
Q[u,u- I ]. Now, for each partition 0: = (kl'k2 , ... ,kt ) of n, pick an 
element fi",r = ar E {awl W E Sn} such that r E ea , I(r) = la and r is 
supported on {I, 2, ... , L.~=I kJ where k i = 1 for v < i :::; t. In other 
words, r has minimal length in its conjugacy class in Sn and is left-justified. 
Let S = {fi",rl 0: f- n}. Denote the span of S in A(Sn) over Q[u, u- I ] by (S). 
Let n be the projection of Z(A(Sn)) onto (S). Considering dimensions over 
Q(u), we deduce from the fact mentioned in the remark following Theorem 
(1.2.5) that the kernel of n is trivial. Thus 

(S)/n((B)) ~ Z(A(Sn))/(B). 

From Lemma (3.25) and Lemma (3.27) we have n(B) = S so that n( (B)) = 
(S). Hence, (B) = Z(A(Sn)) and the theorem is proved. 0 

Examples. (1) n = 3 . 
-I 

~ = Nsz,s, (a(l2)(23)) = a(123) + a(132) + u (u - l)a(13)' 

Let fi = a(12) + a(23) + u- 1a(13)' Then 

B = {NS3,SI(al),Ns3,SZ(a(l2)),Ns3,S3(~) = ~}, 

where 

and 
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(2) n = 4. 

Let 

and 

Then 

Yf = NS3 ,s,(a(12)(23)(34») 

= a(1234) + a(1432) + a(1243) + a(1342) 
-2 2 

+ U (u - u + 1)(a(1423) + a(1324») 
-I 

+ U (u - 1)(a(13)(24) + a(124) + a(142) + a(134) + a(143») 
-2 2 -3 2 

+ U (u - 1) a(14) + u (u - 1)(u + 1)a(14)(23)' 

-I -2 
P = a(12)(34) + u a(13)(24) + u a(14)(23) ' 

y = a(123) + a(132) + a(234) + a(243) 
-I 

+ u (a(124) + a(142) + a(134) + a(143») 
-2 -2 

+ U (u - 1)(a(1324) + a(1423») + 2u (u - 1)a(14) 
-3 2 -I 

+ U (u - 1) a(14)(23) + u (u - 1)(a(13) + a(24») 

-I -2 
r = a(12) + a(23) + a(34) + u (a(13) + a(24») + u a(14)' 
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B = {NS4 ,s, (a l ), NS4 ,S/a(12) ' NS4 ,S2 XS2 (a(12)(34») ' NS4 ,S3 (NS2 ,S, (a(12)(23»)) ,Yf}, 

where 
-I -2 2 

Ns s (a l ) = 24a l + 12u (u - 1)r + 4u (u - 1) Y 4, , 

-2 2 -3 3 
+ 6u (u - 1) P + u (u - 1) Yf, 

-I -I -2 2 
NS4 ,S2(a(12)=2r+2u (u-1)y+2u (u-1)P+u (u-1) Yf, 

-I 
NS4 ,S2 XS2(a(12)(34») = 2P + u (u - 1)Yf, 
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